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The paper deals with both the staterents and derivations of the exact
value of the Sine of 18 degrees as found in India upto the first half of the eight-
eenth century A.p. This exact value, which is equivalent to the modern
value, namely

sin 18° = (4/5—1)/4,
is found, apparently for the first time in India, in the Jyotpatti of Bhaskara

II (twelfth century A.p.) whose way of arriving at the value, however, is
not known to us at present.

A few proofs, presented here, are those which are found in the works of
Munisvara, Kamalakara (both seventeenth century), and Jagannatha
(eighteenth century). These proofs are mostly geometrical in nature but
analytical treatment in terms of trigonometrical and algebraic steps is also
involved. Indian familiarity with some foreign material on the subject
is also indicated in this connection.

1. INTRODUCTION

The Greek trigonometry, that is, the one used by Hipparchus (second century
B.c.) and Ptolemy (second century A.p.), was based on the functional relationship
between the chords of a circle and the central angles they subtend. Indian tri-
gonometry, on the other hand, was based on the so-called Indian trigonometric
functions namely, Sine, Cosine, Versed Sine, and Coversed Sine (all written usually
with initial capital letters to distinguish them from the corresponding modern
functions). The Indian Sine of an arc in a circle was defined to be the length of
half the chord of twice the arc. In value, it is equal to R sin Z, where R is the
radius of the circle of reference and sin Z is the modern sine of the angle subtended
by the arc at the centre. Thus, the predecessor of the basic modern trigonometric
function known as the sine of ap angle was born apparently in Indial. Even the
modern European word “‘sine’’ has descended from the Hindu name, jivd in Sanskrit?.
(In Fig. 1, lengths PA, OA and AX represent, respectively, the Sine, Cosine, and
Versed Sine of the arc PX).

The Aryabhatiya (= AB) of Aryabhata I (born 476 A.p.) is the earliest extant
historical work in which the Indian trigonometry is definitely used, but the inven-
tion of the Sine function might be dated earlier.
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Exact numerical values of the trigonometric functions associated with, simple
angles like 30, 45 and 60 degrees follow from the definition when triangles containing
the above angles are considered inscribed in the circle of reference. When the
Sine (and, therefore, also the Versed Sine) of an angle is known, that of its half can
be easily computed, for example, by using the so-called Kramotkramajyi Rule,
namely

(R sin 3Z) = [(R sin Z)21-(R vers Z)2]/4 e (1)

The derivation of (1) is straight-forward by applying the so-called Pythagorean
Theorem to the triangle PAX. Among the various computational methods based
on exact identities, the one given by (1) seems to be the oldest and was commonly
followed in ancient India. This method is explicitly laid down in the Pafica-
siddhantika, IV, 3—4 of Varahamihira (sixth century A.p.)). The same method
is taken to be implied in the AB, II, 11 as indicated in its gloss by Nilakantha
Somayaji (about 1500 a.p.)* and as envisaged by Sengupta’. The details are
found in the 4B commentary (a.p. 629) by Bhaskara I who gives due credit to a
previous teacher, Prabhakara, for the exposition of the subjects.

Using the exact functional values associated with 30 or 45 degrees, the knowledge
of (1) or similar sub-duplicating formulas, can easily enable one to find the exact
values of the Sines of 15 and 221 degrees. But we cannot find the exact value of
the Sine of 18 degrees in this manner. Its determination requires some novelty.
Thus the matter concerning the exact value of the Sine of 18 degrees must have
a matter of some curiosity (if not that of much practical utility) among the early
Indians who were quite concerned with the development of trigonometry.

The present paper contains statements of the exact valve of the Sine of 18
degrees and its proofs as found in some important Indian works dated between the
twelfth and the eighteenth centuries of our era.

2. Exact VALUE oF THE SINE oF 18 DEGREES

In India, the exact value of the Sine of 18 degrees is found stated in a small
trigonometrical tract called Jyotpatti which is attributed to the famous Indian
astronomer and mathematician Bhaskara II (twelfth century a.n.). The Jyotpaiti
may be considered either Chapter XIV of, or as an apprndix to, the author’s
Siddhdnta—éirmnani—Golddkydya (= 88G) which, together with the corresponding
Graha-ganita part, constitute his standard work on Hindu astronomy. The ninth
verse of the Jyotpatti is’

Froargdiqamarge et ST )
AT ST TqeeT Faedaw 1 e 1l

Trijya-kytigu-ghatan-mulam irijyonitam catur-bhaktam
Agtiadada-bhaganam jivd spasta bhavatyevam
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‘Subtract the radius from the square-root of the product of the radius-square
and five, and divide by four; that becomes the true Sine of the eighteen degrees’.

This is,
Rsin 18° = (v/5R*—R)/4 v (2)

giving the correct modern value
sin 18° = (/5—1)/4. e (3)

In place of the negative sign in the numerator of (2), if we have the positive
sign, the expression will become equal to the exact value of the Sine of 54 degrees.
This fact is clearly noted by Muniévara in his commentary (a.p. 1638), called
Marict (= MC)., on the Jyotpatti.

The author of the MC later on (a.D. 1646) expressed both the results in his
Siddhanta-sdrvabhaumae (= SS8B), I1, 41 in the following words®

frearanta, aufraam @@ ag,
freargd JavER SIE & o
L RIE Lz £ ) R ¥y

N -

Trijyd-vargdt paica-nighnat padam yat
Trijyonddpyam vedabhakiam jyake stap
Dhrtyaméabdhigvaméayop, .........

‘(Separately) diminish and increase the square-root of five times the radius-
square by the radius, and divide by four; (the two results so obtained) are the Sines
of eighteen degrees and fifty-four degrees (respectively)...... .

That is,
(v/BR:LR)/4 = Sin 18°, or Sin 54° e (4)

Kamalakara (a.p. 1658) in his Siddhania-tattva-viveka (= STV), III, 98-99
(implicitly), and in his own commentary (= STVC) on it, also gives the same ex-
pressions!®, In stating these values, he employs an accurate approximation for
the square-root of five namely

V5 =2; 14, 10
= 24-(14/60)+(10/3600)
= 16172
= 2:2361111......

which is correct to four decimal places.
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Jagannatha (first half of the eighteenth century) has expressed the value of the
Sine of 18 degrees as follows!!

oo gamifey dqom==

% WS siEae |
qREgF @1 glawrriar
e e . o.omgun

Trijyarddha-vargadigu samgundcca
Mulam kharaméaka jivayonam

Tadarddhakam syad dhytibhigajiva
....................................... 11

‘Subtract the Sine of thirty degrees from the square-root of the product of the
square of half of the radius and five. Half of that (above result) is the Sine of the
eighteen degrees......... ”

That is

R sin 18° = 3{4/5(R/2)*— R sin 30°] . (5)

which is equivalent to (2), since
Rsin 30° = R/2.

3. DERIVATIONS

The Jyotpatti and its author’s own accompanying commentary on it do not
contain any derivation for the expression (2). Proofs of the formula are found
in India much later. Below we give some of the derivations.

(I) An incorrect proof given by Laksmidasa Miéra (about 1500 a.p.), is found
quoted in the MC (part I, p. 145). It is substantially as follows :

We have
Sin9%° =R
which can be written as

Sin 90° = (1/25R*—R)/4 . (6)

Now we see that, when the angle is 90 degrees, the coefflcient of R2 (under the
square-root sign) in its Sine is 25. Therefore, when the angle is 18 degrees, this
coefficient will be, by the rule of proportional parts (anupdtdt),

25 % (18/90) = 5.

Hence, taking 5 (which is one fifth of 25) as the coefficient (of R?), in place of 25 in
the above expression (6),we get the desired value (2) of the Sine of 18 degrees (which,
is one fifth of 90 degrees) !
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The MC states that this is no proof and further points out that, had it been so,
we would have (by similar wrong argument)

Sin 36° = (4/10R?*—R)/4
which is not what it should be.

(IT) A geometrical proof, found in the MO (p. 144), may be presented as follows :

In Fig. 1, XY is a quadrant of the circle of reference with centre at O and
radius

0X = 0Y =R.

] X ( East)

Y (North) 0

Fig. 1.
A semi-circle is described on OX as a diameter and with centre at C which is the
mid-point of OX. Also, with centre at Y and radius Y M (where ¥ M is the chord
of 36 degrees), another circle is described. This will be found, evidently (pratyaksam),
to touch the above semi-circle, the point of contact being T

Thus,
Sin 18° = Y M2

= YT)2
= (YO—TC)/2

= 3//(0Y*1-0C*—0C)2

— W (REP—R/4
which gives the required expression (2).
It may be pointed out that the MC does not give any proof for the tangency
of the two circular arcs at 7' in the above construction, but adds that the proof
is dealt in details in a foreign work,
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gaauy giawa< sfaarfaar
‘Yavana-granthe savistaram pratipadit@

as it says (MO, part I, p. 144).

Same proof is found in the S8B, II, 42-48 (4. ». 1646) and author’s own commen-
tary on it (part I, pp. 135-137).

(ITI) Another proof, which is also found in the MC (pp. 144-145) on the
Jyotpatti, is bagsed on the following lemmat?:
TMTEREAisd  efreTady g% frearadt wag o
Dasdiéra-bhuja-vargo’yam bhuja-trijyd-vadhena yuk trijyavargo bhavet.

‘The square of a side of a regular decagon together with, the product of the side
and the radius (of the circumsecribing circle) is equal to the square of the radius’.
That is,
(2z)2+22.R = R? e ()
where 2z is the side of a regular polygon of ten sides inscribed in a circle of radius R,
so that x is equal to the Sine of 18 degrees.
The MC solves (7) by the usual Indian method!® of completing the square,
that is by multiplying both sides by four and then adding E2. Thus we get
16224-8xR -+ R? = bR2.
Now by taking the square-roots of both sides, we get (omitting the inadmissible
negative root)
4z+R = +/bR?
which yields the desired rule (2).

The above lemma, which, is given in the MC without proof, is again quoted and
proved. in SSB, 1T, 49-55 and the author’s own commentary on it (part I, pp. 137-141).
The algebraic cum trigonometrical details given there are substantially as follows :

Let

R8in 18° = x = R cos 72°.
By using the formula

{R/2).R vers 2A = (R sin A)?
we get

(R sin 36°) = (R[2).R vers 72°

= R(R—=z)/2.
Also, by the same formula, we have
R vers 36° = (2/R).(R sin 18°)
= 22%R.
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Now, by adding the squares of the Sine and Versed Sine of 36 degrees and taking
square-root, we get the chord of 36 degrees of arc which, is equal to 2z.

Thus, using the above values

(22)% = (R/2).(B—x)4x%/R?
or
8xt—x.R3-- R — 8a?. R2.
This can be written as
1622.R%+ 82. R34 R* = 64a*—4822. R2|-9R*
or
(B?4-42.R)? = (3R?—8a2)2. v (8)
Taking a root, we get
R24-42.R = 3R?—8a?
or
42?12z .R = R?
the required lemma. :

Almost the same derivation is found in the commentary (p. 149) by Kamalakara
(1658 A.p.) on his own STV, III, 98-101. Moreover, this author also considers
the other possible relation obtained by taking square-roots in (8), namely

R?*}-4x. R — 8x2—3R?
or

222—gR—R* = 0.
However, even the positive root of this equation, namely
x=R

is not admissible, since the Sine of 18 degrees should be, as pointed out in the
STVC (p. 149), less than R.

(IV) Jagannatha’s commentary (SSK, part II, pp. 1054-55), on the Sanskrit
verse which, gives the formula (5), contains a different geometrical proof which may
be briefly described as follows :14

With centre at B, a circle of the desired radius should be drawn on level ground
(see Fig. 2).* Draw the east-west line and mark the east point K. Mark the point
@ at 36 degrees (angular distance) from K, Make the full chord K@ and join BG.
Produce the line GK upto D such that KD is equal to KB. The line segment KD
is bisected at H. Join DB.

Here the angle KB@ of the smaller triangle is equal to 36 degrees. The measure
of each of the angles BKG and BGK is equal to 72 degrees, because the sum of the
three angles of a triangle is 180 degrees.

* The figure and proof (IV) are similar to those found in Euclid, XI1I, 9 (Heath's edition
vol. III, pp. 455-66; Dover, New york, 19566).
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(East) H D

Fig. 2.

Since KB and KD are equal, therefore angle KBD is equal to the angle KDB,
whence angle KDB measures 36 degrees. The angle at ¢ being common, the bigger
triangle BGD and the smaller triangle KBG are similar,

Suppose the measure of K@ is y (ydvai-tdvat), so that
D@EF = y-+4-60 e (9)
(where the radius BK is taken to be 60).

If (by considering proportions) we get the line BG from the line GD, then how
much shall we get from BG. The result is y. Or the ratio G@D/BG is equal to the
ratio BG/KG. So that

GD.y = BG? .. (10)
or, using (9),
y?+60y = BG=.

Adding the square of half the radius, we get

¥%+60.y-+-900 = 0.y%4-0.y4-4500

or
(y+30)% = 4500

giving
HG = (y+30) = 67;4, 55,20.
From this, we get

y = 37; 4,55, 20
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which is the full chord of 36 degrees. Half of it will give the Sine of 18 degrees.
So ends the proof.

We note that, for a general radius R (instead of the numerical value 60), this
proof amounts to the determination of y from the relation

(y+R)/R = Rly
which, follows from similar triangles in Fig. 2. Also cf. equation (7).

(V) Another geometrical proof is found in the Sam.Sid. (Vol. I, pp. 50-51).
This is based on constructing a line segment of length x such that it satisfies a relation
(between line segments) which is equivalent to

(a+x)a = afz.
where a is equal to R/2.

Clearly, x will represent the desired Sine of 18 degrees. This proof, which is
an adaptation (with slight modification) of Ptolemy’s construction!® for the chord
of 36 degrees, apparently belongs to the Arabic version of the Almagest from which
the Sanskrit Sam.Sid. was prepared.
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