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This article introduces ¢ (p) and c; (p) for p=(p,) a sequence of non-negative real numbers. This generalizes the
spaces of statistically convergent and statistically null sequences. Some properties of these spaces are studied.
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1. INTRODUCTION

In order to extend the notion of convergence of sequences, statistical convergence was introduced
2 144 and Zy%mund19 independently. Later on it was studied and. linked with

by Fast®, Schoenber%
summability by Fridy™ ~, Connor, §alét]3, Kolks, Rath and Tripathy11 & 12, Tripathym’ 17& 18 nd

many others. The idea depends on the density of subsets of the set N of natural numbers. A subset
A of N is said to have density 8(A) if

n
5(A)= lim ;11- Y. x4 (k) exists.

n-— oo k=1

where X, is the characteristic function of A.

Clearly finite subsets of N have zero natural density and §(A“)=6(N—-A)=1-8(A). For
(x,) and (y,) two sequences, we say that x,=y, for almost all k (in short aak) if

6 ({ke N:x,2y,}) = 0.
A sequence (x,) is said to be statistically convergent to L if for any >0,

§ (ke N:lx,~LI2¢e}) = 0 and we write x, — L.

A sequence (x,) is said to be a statistically Cauchy sequence provided that for every € > 0

there exists a number n; such that Ix, —x, l<e aak.
0
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A subsequence (x, ) of (x,) is said to be a thin subsequence of (x,) if & ({k,:ne N}) =
0. It is said to be non-thin subsequence if either {k,:n € N} has non-zero density or fails to have

density.

2. DEFINITIONS AND BACKGROUND

Throughout the article.s, [, ¢, cg, I}, lp, ¢, ¢, m, myy will denote the spaces of all, bounded, convergent,

null, absolutely summable, p-absolutely summable, statistically convergent, statistically null, bounded
statistically convergent and bounded statistically null sequences respectively. Further p=(p,) will

denote a sequence of strictly positive numbers (not necessarily bounded in general).

The concept of generalized sequences was studied by Nakano'® and Simons'® at the initial
stage. Later on it was studied by Maddox® & % Lascarides® ¢ 7 and many others. Generalizing

[, cy lp people have studied I (p), c(p), ¢y (p), l(p) etc. and have characterized some matrix
classes.

Let p=(p,) be a real sequence and H= sup p, <ee.
k
Then we have the following well known inequality

la,+b, Pk<C(1a, Pe+1b, Po), . 2.0

where C = max (1, 2H—l).
On generalizing the sequence spaces ¢ and ¢, we define the following spaces

c) = {(x) e S:1x~LPx 5 0, as k— oo for some L}

S @ = (e S:1x Pr B0, as ko).

With the help of inequality (2.1), one can easily see that m(p)=c (p) M I (p) is an additive

group, the addition being co-ordinatewise addition. From the existing results, we find that
L, (@), c(p), cy(p), I(p) are linear spaces if and only if (p;) /.. It can be easily verified that m(p) and

m (p) are linear spaces if and only if (p;) € [_. The spaces [ (p), c(p), cy(p) are paranormed by

Pr
gx)= sup kaIM
k

and I(p) by

/M
f(x)=(z txkr"k) ,
k

where M = max (1, H). It is clear that the spaces m(p) and m,(p)=c,(P) M/, (p) are also
paranormed by g.
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The following results will be used for establishing the results of this article.
Lemma 1 (Fridy3, Theorem 1) — The following statements are equivalent.

(i) (x;) is a statistically convergent sequence;
(i) (x,) is a statistically Cauchy sequence;
(iii) (x;) is a sequence for which there is a convergent sequence (y;) such that x, =y, aak.

Lemma 2 (§alétl3, lemma 1.1) — A sequence (x,) statistically converges to L if and only

if there exists such a set K = {k;<k,<...<k,<...} cN that 6(K)=1 and lim x, =L.
n-—o "

Lemma 3 (Connorl, Theorem 2.3) — If x e s is statistically convergent to L, then there is
a convergent sequence y and a statistically null sequence z such that y is convergent to L x=y
+ z and & ({ke N:z#0}) = 0. Moreover, if x is bounded then z is bounded and

Nzl <lxi_+1L1

3. MAIN RESULTS

In this section we prove some results relating to m(p) and mg (p).
The following results is the decomposition theorem for m(p). For p, =1, for all ke N we
have the decomposition theorem earlier proved by Fridy3, éalﬁtl:’ and Connor! for m and my.
Theorem 1 — Let 0 < inf p,<p;, < sup p<e° then the following are equivalent.
@ (x) € m(p)
(®) (x,—Lye m (p) for some L

(c) there exists (y;) € c(p) such that x; =y, for a.ak

(d) there exists a subset K = {kj,ky ...} of N such that 6(K)=1 and
Py
lim 1x, -L1 "=0

n— oo

(e) there exists sequences (y,) and (z) such that x, =y, +z for all ke N and
o) € <), (z) € my (P)-

PROOF : The equivalence of (a) and (b) is clear from the definitions.

t

Let (x,) € m(p). Then there exists L such that |x,—LPx 0. Let zk=lxk—Li”k, then
(z) € my (p). Now the equivalence of (a) and (c) follows from lemma 1, that of (a) and (d) from
Lemma 2 and that of (a) and (¢) from lemma 3.

Remark : We have the condition 0 < inf p, <p, Ssup p, <ee on (py) in the above theorem.
The condition sup p; <e is necessary for the linearity of the space c(p) (see Maddoxg). We have
established the equivalence of the relations involving c(p). Hence, sup p, <o is necessary. Further
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Py
Simons'? proved that [ _(p) is paranormed by g(x)= sup Ix, | M only if inf P;>0. So from the
k

definition of m(p), inf p, >0 is necessary.

Theorem 2 — m(p) is a closed subspace of I_ (p).
PROOF : Let (x*) be a Cauchy sequence in m(p) such that x* = x in L ().

We show that x € m(p). Since M e m(p), so there exists a, such that

tat
1" ~a Pe 550, as koo,

To show that

(i) (a,) converges to a

and (i) 1x,—aPe 5 0.

(i) Since (x(")) is a convergent sequence of elements, so for a given £>0, there exists
ng € N such that

Px
sup |x§(n) —xim)l M <§- for all m,n2n
k

Again given £€>0, we have

M

6A,)=9 {keN:Ixim)—aml”K(gJ } =1

o m £ _
w supes| {renifane(] |l
Let A=A MA,, then 6(A)=1. We choose ke A. Then for each m,n2n, we have

. m,_ ., (m (n)
Iam—anISIam-xk I-Plxk -X; I+|xk —anl.

Thus (a,) is a Cauchy sequence of scalars, so there exists a scalar a such that lim q,=a.
k— oo

(ii) Let n>0, we show that

8(F)=8 ({ke N: ka-alpk<n}) = L

Since x™ — x, there exists g€ N such that
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@ /M
) - (x) u<(—;l] NCRY

The number g can be chosen in such a way that together with (3.1) we have

Iaq—alpk<-g- .. 32)
. tat
Again since le—a q Pe s—) 0, we have a subset B of N such that 6(B)=1,

_ G n
where B—{keN.ka —aql”k<3}.

Therefore, for each k€ B we have

lxk—alpksczlxk—xiq) ka+C2|x§(q)-aqlpk + Claq—alpk

< C? (—731 J+ c? (—gl ]+ C(-;l )= 1’ (say).
This completes the proof.

Theorem 3 — For two sequences (p,) and (q;) we have my () 2my(q) if and only if

lim inf (p,/q;) >0, where KC N such that 6 (K)=1.
ke k

L. Py .. (3.3)
PROOF : Let liminf | — |> O
ke K 9

and (x,) € mg(g). Then there exists a>0 such that p, > g, for all sufficiently large ke K. Also

I x; 1%k ﬂ-f; 0 since (x;) € my (q). Hence for €>0, we have 6(L)=1, where L ={ke N:ix; 1% < g}
Let J=K (L. Then §(J)=1. Also for all sufficiently large k& J, we have

Lx, Pe<(l X 19 *

= (x) € my ).

Conversely, let mg (q) < m (p) but there exists no K N with 6 (K)=1 such that (3.3) holds.
Then we get k; <k, <ky<.... with & ({k;:ie N}) #0 such that ip, <gq;. Let us define the

sequence (x,) as follows :-

1
xX,= (1/i)ak,, if k=k;
0, otherwise.

Then (x;) € m (g). But we have

(xk_)P"i > €xp (— logi ]

i

This contradicts the fact that (x;) € mg (p). This completes the proof.
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From the above result we have the following.
Corollary — For (p,) and (q;) two non-negative sequence of reals, we have
my (p) =my (q) if and only if there exists a subset K of N with 6(K)=1 such that

p g
lim inf | = |> 0 and lim inf | = [>0.

ke K 9 ke K Py

We have the following result which is an easy consequence of ¢(p) and so we omit the
proof.

Theorem 4 — Let h= inf p,, then the following are equivalent :
k

(i) H<oo and h > 0

(ii) m(p) = m.

4, PROPERTIES OF ¢

The proof of the following lemma is a routine work.
Lemma — Let K = {m, m,, ...} be an infinite subset of N such that &K) = 0.

Let L = {(xk) tx, =0 or 1 for k=m,icN and x, =0 otherwise}. Then L is uncountable.

The proof of the following result is obvious in view of the above lemma.

Theorem 5 — m is not separable.
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