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In this paper a strong cut procedure is developed for solving an extreme point
mathematical programming problem :

Max Z = CX

subject to AX = b

and Xis an extreme point of

DX=d X2>0.
The algorithm does away with the calculation of some of the extreme points
of DX =d, X > 0 and thus moves towards optimality at a much faster rate.

This procedure will be very efficient computationally. A numerical example
is also solved to illustrate the procedure.

INTRODUCTION

The most general form of extreme point mathematical programming problem is :

Max CX ']

subject to AX =5

and X is an extreme point of ! ...Problem (I)
DY —d |

X>0 J

where dism x n, Xisn x 1,bismx 1,Cisl xn,Dis p xn, dis px 1 and 0
isn x 1.

A cutting plane algorithm was established by Kirby et al. (1972a) in which one
has to test the linear independence of a sub-set of columns of D at each iteration

and also at each stage alternative optima are needed. Kirby et al. (1972b) presented
another method in which one need not examine the linear independence of a sub-set

of columns of D and in its place one has to test for feasibility of extreme points of
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DX = d, X > 0 with respect to AX = b, but alternative optima were still needed at
each step. Puri and Swarup (1973) further improved upon the methods of Kirby
et al. (1972a, 1972b) by introducing a deep cut to avoid investigation of some of
the extreme points of DX =d, X > 0. In the present study, the method is further
improved upon by introducing still deeper cut and we shall call this as a ‘Strong Cut’.

THEORETICAL DEVELOPMENT

To solve problem (I), we will deal with two problems :

Max CX ‘]
subject to FX = f I
X>0 i ...Problem (IL.1)
T 4 b ‘
whereF_[ D ],f,[ d :] J
and
Max CX 1
subject to DX = d ! ...Problem (IL.2)
X>0. J

Original problem (I) is always bounded since its solution is to be an extreme point
of DX =4d, X >0 and these extreme points are finite in number. Problems (II.1)
and (II.2) can be bounded or unbounded. If they are unbounded, they can be
made bounded by introducing a constraint CX < M, M being sufficiently large
positive number, without losing any of the extreme points of the problems to which
the constraint is introduced.

NOTATIONS
S, = set of extreme points of (IL.1)
= [X/X is an extreme point of FX = f, X > 0]
Sy == set of extreme points of (I1.2)
= [X/X is an extreme point of DX = d, X 2> 0]
S = set of feasible points for (I) = [X € S,/4X = b]

X(1) = set of optimal extreme points of (II.1)

=[X{1,Xi2, ...... ’X%sl]
X(3) = set of second best extreme points of (IL.1)
— [0 Xt 1,

(see definition of second best extreme point solution in appendix. For
ready reference, method of finding it is also given in appendix)
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u}) = value of the objective function at optimal extreme points of (II.1)

= CX},

u(}y = value of the objective function at elements of X3,
= CX % 1

X%, = set of optimal extreme points of (IL.2)
=[X%19 X122'3 ------ s X%kl]

u(%) = value of the objective function at elements of X ¥,
= CX§,

¢ = null vector.

THEOREM

Every extreme point of DX = d, X > 0 satisfying feasibility in AX = b is also
an extreme point of FX =f, X > 0. But there may be extreme points of FX = f,
X > 0 which are not extreme point of DX =d, X > 0. Thatis SC S, (Kirby et al.
1972a, Puri and Swarup 1973).

PROCEDURE

Using simplex method find X,{) assuming, of course, that S, ¢ because if
S, = ¢ then problem (II.1) and hence problem (I) will have no solution (Kirby
et al. 1972a). If X 3yN S=£ ¢, then every X belonging to X(3yN S will be the
required optimal solution of (I) yielding optimal value as u}) (Kirby et al. 1972a).
X}y N S will be non-null iff there exists at least one element of X}, which is such
that the number of non-null columns of D corresponding to non-zero basic variables
in that element is less than or equal to p and these non-null columns are linearly
independent. X(1yMN S will be ¢ if (i) the number of non-null columns of D corres-
ponding to non-zero basic variables in any element of X} is greater than p or
(ii) the number is less than or equal to p but they are not linearly independent. Thus
elements of X1 are tested one by one to see whether any one of them is an extreme
point of DX = d, X > 0 or not (Kirby et al. 1972a).

If X3y NS =¢, we proceed to find X}, and u(}y (Hadley 1962 and Kirby
et al. 1972a). For ready reference, method of finding second best extreme point
solutions is given in appendix. If X(}) = ¢, (I) has no solution. If X}y N S#4,
then every X € X3, NS will be an optimal solution of (I). If X(3)#¢ but
X3yN S =¢ (i.e. no element of X} is an extreme point of DX =d, X > 0), we
start dealing with (I1.2). ’

Find X2, and #}). As feasible region of (IL.2) contains the feasible region
of (II.1) and as X(HN S=4¢, ul)>ug) it follows that X}y N S=4¢. Find
values R:; (3> u})) of the objective function at the extreme points adjacent to
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elements of X(f). Pick up that value (say W,) which is nearest to (1) i.., W, =
Min [R;]. Find out the extreme points belonging to S, corresponding to W,. Again
i

find values (< W, but > u}j at all extreme points adjacent to the elements of the
set of extreme points yielding value W,. Out of these choose that value (say W,)
which is nearest to u(}). Determine the set of extreme points (€ S,) corresponding
to the value W, and again find out the values (< W, but > uc3y of the objective
function at extreme points adjacent to the elements of the set of extreme points yield-
ing W,. Select the value (say W,) which is nearest to u(}y. This is repeated as far
as possible. Suppose we can go upto W; (3> u(}) but < Wj_,). At this stage a cut
(which we call as ‘strong cut’) CX < W; is introduced to the problem (I.2) and we
generate a new problem :

Max CX
subject to DX = d
CX W;
X>0

...Problem (I1.3)

| -

Find the set X(3) = [Xi‘l, X3o, .., X3 ] of all the optimal extreme points of

(11.3). Value of objective function at elements of X2y will be W;. As W; > up)
and as X(3) N S = ¢, it follows that X3, N § = ¢ i.e., elements of X}, are not

feasible with respect to AX = b. Clearly X3, 3¢ ¢. Find the set X(3) = [X LI

X&,, ..., , ngz]of second best extreme point solutions of (IL.3). If X(§) = 4,

then (I) has no solution. If X3)3= 4 and X(3) N S 7 ¢, then every X belonging
to X3y N S will be an optimal solution of (I). Butif X(3) N S = ¢, find value
u 3y of the objective function at elements of X3, and introduce a cut CX < u})
(< Wij) to the problem (11.2) and get the new problem as :

Max CX
subject to DX = d ...Problem (I.4)
CY < uidy !
X>0. J

Process is repeated over this and the subsequent generated problems till we get
Xty N S £ ¢, i > 4 in which case every X € Xi,) N S will be an optimal solution
of (I) where X?,, is the set of second best extreme point solutions of the problems :

Max CX 1
subject to DX = d ...Problem (ILi)
£ .
CX L Uz { i>4
X3>0. J
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and u};} is the value of the objective function at second best extreme point solutions of

(2
the problem (ILi—1). Itis quite clear that for each i(:4), X(i;)le S, and X(”;)l
C Xy

As cuts are nothing but parallel hyperplanes, a cut at any stage makes the
preceding cuts redundant. The process will definitely converge as we move from
one extreme point to another extreme point of DX = d, X > 0 and these extreme
points are finite in number. This method of ‘strong cut’ may coincide with the
method of ‘deep cut’ in some cases, but in general this new approach will move
towards optimality at a much faster rate.

If the ‘strong cut’ passes through the jth best extreme point (for definition
see Appendix) of DX = d, X > 0, then clearly we save ourselves from the trouble
of determining 2nd, 3rd, ..., jth best extreme points of DX = d, X > 0 and jump
direct to jth best extreme point.
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APPENDIX

(i) Definition of second best extreme point solution (Hadley 1962, Kirby et al.
1972a, Puri and Swarup 1973) — If X1, is the set of second best extreme point

solutions of (IL1), then X(3) € S;\X(})
and u}y > CX for every X € S;\X(}» |
We can also say that X}, is the set of optimal extreme point solutions of the
problem :
Max CX

X e Sl\X(i).
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(ii) Method of finding second best extreme point solutions (Hadley 1962, Kirby
et al. 1972a, Puri and Swarup 1973) — For explanation let us consider problem
dL.1). Find X{i;. For each simplex tableau with basis B corresponding to an
element of X1, find the following :

H(B) = [j/zi—ci > 0]

= set of non-basic variables having positive zj—c;.

8; = Min [xai,yii>0]
je H(B) i Yis
v = Min [84(Z;—Cj)/8; > 0]
je H(B)

3 = Min [yp/B is a basis for an element of X(1)]
where xp; is the ith component of the vector Xz = B-If of basic variables, y; is the
ith component of the vector Y; = B71f;, f;being jth column of F, zj == CgY¥; where
Cp is the vector of prices of basic variables.

XB,

If 8 =08u(Zx—Ci) = (Zx—Cy), then a simplex iteration bringing fi into

Tk
the basis and departing column corresponding to basic variable Xp, is performed on
the simplex tableau with basis B. This will give set of second best extreme points

of (IL1). [When basis yielding 3 is unique we get a unique second best extreme
point, otherwise we get a set of second best extreme point].

(iii) Definition of jth best extreme point — Set Xé.) of jth best extreme point

j—1
solutions of (I1.2) belongs to the set S,\ U X(Zi) and is such that
=1

=

Jj-1
uly, > CX for all X € S, UG

2

where U is the value of the objective function at elements of X, (2”
Example : Max x, + 8x,
subject to —T7x; + 2x,< 4
9x, + 10x, < 64
and (x,, x,) is an extreme point of
—x; + 2x, < 10
x, + 2x, < 14
2%, + x, < 16

X — X< S
xhx2> 0'
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Solution : Problem (IL1) of theory is :
Max Z = Xy + 8x2 -~
subject to  —Tx,+ 2x,+x,= 4
9%, 4 10x, +x, =64 ]=[AX=1’

—X;+ 2x,4x;=10
Xp 2x,+x,— 14 ...Problem (II.1)

2+ xtr=16  [PX=d
X;— Xptxg= 5
X15 Xgy vney Xg 20 J

Dis4 x 8. Therefore, p = 4.

Step 1 — X1y = [X1, = (1, 11/2,0, 0,0, 2, 17/2, 19/2)]

Number of non-null columns of D corresponding to non-zero basic variables
inX, =5>p.

SXDHNS=¢
ll(}_) = 45,

Step 2 — X3y = [X31 = (0,2, 0, 44, 6, 10, 14, 7)].

Number of non-null columns of D corresponding to non-zero basic variables
inXi, =5>p.

SXHNS=¢
uzy = 16.
Now we start dealing with problem (I1.2) of theory which is :
Max x; + 8x, 1

subject to —x; + 2x, + x; = 10
X+ 2x, + x4 = 14

l
l
2, + x, + x, = 16 J| ...Problem (I1.2)

X; — X3+ Xg= 3
Xi, Xgy ooy Xg 2 O

Step 3 — X3y =[X%, =(2,6,0,0,0,0, 6, 9.
As X2, is not feasible with respect to 4X = b, we have
XHNnS=¢ ui=>50.
Step 4 — Values R; of the objective function at extreme points of (I1.2) adjacent
to X2, are :
R, (when d; enters and 4, leaves) = 40 > u(3)
R, (when d; enters and d, leaves) = 38 > u})
where d,, d,, ..., dy are columns of D.
W, = Min [R;] = 38.
i



234 M. C. PURI AND KANTI SWARUP

Extreme point of (1I.2) corresponding to W, is (6,4, 0, 0,8, 0, 0, 3) value (< w, but
> ucy) of objective function at extreme point adjacent to (6,4,0,0, 8,0, 0, 3)
is = 23.

W, = 23 > uily.
Extreme point of (II.2) yielding value 23 is (7, 2,0, 0, 13, 3, 0, 0) which is obtained
from basis of the extreme point solution (6,4, 0,0, 8,0, 0, 3) by entering d; and
departing d;.
Value (<< W) of the objective function at extreme point adjacent to (7,2, 0,0, 13,
3, 0, 0) is 5 which is less than u}).
So we will go upto W, only.
Thus here, W; = W, = 23.

Introduce a cut x; + 8x, < 23 to the problem (II.2). New generated problem
is :

Max Z = x, + 8x, 7
subject to —x, + 2x, + x5 = 10
X+ 2x, + x4 = 14
zxi + xz + x: = 16 =[GX=g ...Problem (I1.3)
el mime S (s2y)
Xy 4 8xy + x9 = 23
X1s Xgy oes xg > 0

Step 5 — X3y = [X3, = (7,2,0,0, 13, 3, 0, 0, 0),
X3, = (0,23/8, 0, 0, 17/4, 33/4, 105/4, 63/5, 0)]
XHhns=4g.
Simplex tableau for X3, is :
Ci— 1 8 0 00 0 0

Cg | Vectors in basis | Xp g 8 & & & 8 &

0 gs 130 0 1 00 109 —3
0 & 310 0 0 10 —§% —%
0 & 0|0 0 0 0 1-159 —%
1 & 711 0 0 00 §& %
8 g - 210 1 0 00 —3% %

Zs—Cs—~ Z=23 0 0 0 0 O 0 1

81 &35 -..» & are columns of G; g,, g, are null columns.
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Simplex tableau for X$, is :

Ci— 18 0 0 0 0 0O

Cp | Vectors in basis | X & & & 8 & 8 &
0 g 174, =4 0 1 0 0 0 —1%
0 Ze 33/4 $0 0 1 0 0 -1
0 & 105/41 158 0 0 0 1 0 —%
0 g 63/8 § 0 0 0 0 1 3
8 g 23/8 ¢ 1 0 0 0 O 3

Zi—Ci—> Z=23 00 0 0 0 O I

B3}, = basis for X, = (g5, &e> &> &1> &2)
B}, = basis for X$, = (g;, s 75 s> o)

Hosn ="
6, = Min [7T —%—]z 18
T
(for BE,)
Yiag,y = Min [18 x 1] = 18
Hips,y =?

0, = Min [6318 , B 8]_ 23
8 8

(for Bi,)

= Min [23 x 1] = 23
Ys,) [23 > 1]

5 — Min[YBfl  Ths, ]: Min [18, 23] = 18.

235

Therefore, second best extreme point X3, of (I1.3) will be obtained from simplex

tableau of X3, by entering g, and departing g,. Simplex tableau for X3, is :
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Ci—~ 1 8 0 0 O 6 0

Cp | Vectors in basis XB 8 & & 8 & & &
0 g5 15 0 11 0 0 1 0
0 g6 9 0 301 0 —1 0
0 g7 6 0 30 0 1 -2 0
1 2, 5 1 -1 0 0 O I 0
0 g5 18 0 9 0 0 0 —1 1
Zi—Cij— Z=5 0 —9 0 0 O 1 0

X3 =[5 =(50,00,1509,6,0,18)
Clearly X3, satisfies feasibility in AX = b.
Therefore, X, N S % ¢ and hence X§, will be the required solution.

Therefore, optimal solution of the original problem is

X, =35x,=0

and optimal value is 5.




