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o 1s investigated on certian Gevrey spaces when the symbol of
the pseudo-differential operator also belongs to a certain Gevrey class.

Continuity of the pseudo-differential operator h#
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1. INTRODUCTION

The Hankel transformation

D)= (h, 9 0) =f o 00 @ () dx, p2-172. . (1D
0

is known to be an automorphism on the Zemanian space H#([)’ I=(0, =), consisting of all

complex-valued infinitely differentiable functions ¢ on [ which satisfy :

Yk @= sup | DFHF T 00| <o VmkeNy . (12)
’ xel
Using theory of H# space’ [7]- Pathak and Pandey [4] investigated the pseudo-differential

operator hu, o defined as follows :

(o ® @= | VoI, @) atx.y) (h, ) Oy p2-172. . (13)
0

With symbol a(x, y) satisfying certain growth conditions A, _ is a continuous' linear map of

HH(I) into itself [4].

Ha

In this paper we assume that the symbol a(x, y) belongs to a certain Gevrey class S:;) and
study the pseudo-differential operator hﬂ o On Gevrey function spaces introduced by Pathak and
Shrestha [3]. ’

2. THE SPACE H(w)

Let @ be a continuous real-valued function defined on [ = (0, ) such that &0) = 0 and

(@) 0SS w(x+y) < w(x)+ ay) Vx,yel . (2.1
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(b) J M<w .. 22
0 1+x2
(¢) w(x)2a+b log (1 + x) for some real a and b > 0. .. (2.3)

The class of all such @ functions is denoted by M. v
Now assume that @ is a function in M. A function ¢ is said to be in the space H#(co),
where ¢ and hu(¢) are smooth functions and for every ue R,ne Nj and m a positive real number,

oy, @= sup " | 7Dy g | <o - 24
’ x € (0, o) v

and

B n@= sup "

« D2 () ()
x € (0, o)

< oo, . (2.5)

On Hu(a)) we consider the topology generated by the family

H H
o B }
{ mn mn meR+,neN0

of seminorms. Various properties of the space Hu(a)) can be found in [3]. In what follows we study
the pseudo-differential operator h/l, o of infinite order on H#(a)). For this purpose we define the

symbol class S:" g’

Definition 2.1 — The function a(x,y): C~ (IxI) - C belongs to class S;’ g’ if and only if
Vp,.ge No,me R+, and o > 0,

M axx)

o 6 R at,y)
Sc(0,m) P9 plg! (1 +y)Pa+ & (000),  (26)

where C is a constant, p, § are real numbers such that 0< < p<1.

S The previous Definition 2.1 is suggested by similar classes of the symbols in the literature,
See”. Here we shall limit ourselves to give two theorems of continuity on Hﬂ(a)) and related spaces

Gu(a)), which are valid under assumptions somewhat weaker than (2.6), cf. the next proofs.

Theorem 2.2 — The pseudo-differential operator h# a s a continuous linear map of
H#(a)) into itself for u2-1/2.

PROOF : (i) Let g€ Hu(w). Then in view of Definition (1.3) using Leibnitz type formula
[2, p. 242]

k
D2y Y (k)(x“ DYy D VaE 12 (27

v=0\{V

we have
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ema)(x) - em(u(x)

DRy, 9

X

@Dy V2 [ )2 e y) () 0y
0 )

= " | DY [ )™, o ate ) yE Y () Oy
0

n

[

r=0 {7

X | 67D L), @) M 7LDy B a1y (900 | .

Using inequality (2.6), the last expression can be estimated by

(m‘“'"“Jw_,(xy)l

r=0 r

L2 ey

x (G, m) C" r! (1 +y)® 70

x ¢ M)

MO0) H=172 (h, 9) 0) } dy. .. (2.8)
By property (c) of the function @(x) we have

(1+y) <@t (20Vb ' . (2.9)

and from [2, p. 247] we know that there exists a constant Q,u independent of r such that

Z_#_n+r‘jy+n—r(z) ‘ < Q/J'

Therefore (2.8) can be bounded by
n
Quc(()',m) Z n\C r!
r=0 | r

% J o0~ M) e—ar5/b er&o(y)/b y2(n—r) £M0)
0

X

2,000 |

SQ#C(O',m) 2 (n)ar!

r=01\{7"
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oo

j e(c— m)axy) y2(n -r) e—arﬁ/b sup e(m + ré/b) oXy)

0 vel

000 | &
Using (2.5), we have

sup M)

oDy (9 @)
xel

n

SQ“ (0. m) z (n }Cr rl e-ar5/b
r

r=0

H (o-may)  2n—r) o
X ﬁ (m+ré/b),0 () j € Y dy <
by choosing m > o. Therefore, O!f:? o (A [ a @) <ee.

(ii) Let (D(X):(hu‘ 49 (x). Then to complete the proof of the theorem we need to show

that @ (x) satisfies (2.5). From property (b) of the function a(x) it follows that to every € > O there
exists a constant ¢(€) such that
(x) < ex + c(e); ... (2.10)

s0 that

m(u(x)< mc(€) z (m€) x i .o (2.1
v=0
Therefore, following the technique of Zemanian [7, p. 141] we can write

ema)(.x) (x—] D)n P 172 (hy @) (x)

< m(‘(&‘) 2 (ms) D)n ~u-1/2 (hu ¢) (x)

m((g‘) z (mS)

©o

J’ y2u+2n+v+1 (y—l Dy’ [y—u—l/Z D)) (xy)—(wn) J‘u+v+n(xy) dy . .. (2.12)
0

Since for u>2-1/2, ' (xy)—(”+")1u+v+n(xy) is bounded on 0 < x, y < = by Q#,
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applying definition (1.3), right-hand side of the eq. (2.12) can be estimated by

&m® g z (me)” J 2u+2n+ v+l
f vi 1Y
v=0 0

x| 67 D)Y| yET V2 [ o020, onat iy, s || dy
0

o0

< mc(s) Q Z (mE)

v=0

Voooo
2U+2n+v+1

ij”

00

<Z (1)l Lo son)

‘[tz’”] a(y, t)}t’“‘l/z(h#@ ) l dr dy

< mc(e)Q i (mg)v

2U+2n+v+1
[ [yem
v=0 00

\%
X Z v AV
s=019

oDy A gy, t)[ ‘ FH-172 (hy @) () | dr dy.

Suppose N is an integer no less than 2u+2n+ 1, then

y2u+2n+v+l < (1+y)N+v.

Using (2.14), right-hand side of eq. (2.13) can be bounded by

2 me(e) Z (mE) j j(1+y)N+v+2

X ! Dy PR aty, 1)

\%
x z [v]tz(v_s)
v=0 | §

V2 6) () ’ a2
1+y)

1229

. (2.13)

. (2.14)

Using the inequality (2.3) and (1 + y) $e—a/ b eq‘yb, the right-hand side can be bounded

by

oo v ©o oo
0 @ 3 - [ [ exp (-aV+ v+2)/b) exp [V + v+ 2)00)/b]
00
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(y—l D)s t2/.t+1 a(y, 1)

v
x 2 ( v )tz(v—‘)
RY

s=0
“H-2 t dt——'X—-d
X t ( u¢)() (1+y)2

2 . ‘ oo mE v -]
<@, " ZO (me)_ v!) { exp [—a(N + v+ 2)/b]
V=

Vv
z( ] (v=9 sup exp [(N+ v+2)a(y)/b]

yel

oo

s 2H+] —u-1/2 ) dy
<| 67 DY 24+ agy,n | ‘t” (h#d))(t)ldt { T . (215)

Using inequality (2.6) the right-hand side can be bounded by

oo

2 melE Z mE) J.Jexp (=a(N+ v+2)/b)
v=0 : 00

A% co
x ¥ (:]zz“’"‘)f o(0, (N+ v+2)/b) C st (1 + 1
s=0 0

% eO‘(D(r) ,}1-— 172 (hu ¢) )

Since s6< v the above expression can be estimated by

0}, €9 exp (~a(N +2)/b)

x Y i’%ﬁLe‘“W”c(o,(Nerz)/b) Y s
v=0 ' 5=0

oo

X sup ‘(1+t)3v+zeaw(t) [t—u—l/z . 9) (t)]] j dt
el K o (1407

= vV
< th exp (mc(e) - a(N + 2)/b) 2 - (”"/3') gmav/b’
v=0 T

14

X (6, (N+v+2)/b) Y (v]C‘s!
s=0 | ¢
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X e—-a(3V+ 2)/b s’up
tel

exp (3v+ 2)/b+o)w(t))[t"‘“/2 h, & (t)” .16

Using property (2.5) we can estimate the right-hand side of (2.16) by

2 v
Qz exp (mc(e) —a(N+4)/b) Y 5"",%) ¢ dav/b
v=0

v

X (0, (N+v+2)/b) Y, [v)c‘v!
s=0 | §
x p¥ (h, ®)
o+@3v+2)/b,0" H

-]

<0 exp (me(e) —a(N+4)/b) Y. (me)®

v=0

\ %
X c(0, (N + v+2)/b) e %av/b Y (v)(,‘Y
s=0 | §

u
X ﬁa+(3v+2)/b,0(h# 2

-]

< Q% exp (me(&) ~a(N+4)/6) Y. [[(me) e (1+C)]

v=0

H I7v v
x {[36+(3V+2)/b?0 (h, ) c(o, (N + v+2)/b)}. V.

Now choosing

-1/v
M —4a/b -1
E< {ﬂc+(3v+2)/b,0 (hﬂ¢)c(a,N+ v+2)/b} (me a+o0),

we find that the last series is convergent. This concludes the proof.
3. THE SPACE G#(a))

The Bessel-differential operator S u is defined by
— 2 2 4.2
Su’x—dz/dx +(1—4p)2/4x% . (31)
From [7, p. 139] we know that for any ¢e Hy(]),

_ .2
hy (S, =", ¢ | . (32)

and
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S oem= Y bjx2f+“+‘/2(x*‘ DY (V2 g(x)) .. (33)

i, x
Jj=0

where b}. are constants depending only on u.

Now assume that @ is a function in M. A function ¢ C ™~ (I) is said to be in the space

G (o) if for every pe R,ne Ny, and m a positive real number,

1
AL @)= sup "0 S) o) . (34)
x € (0, c0)
and
u . 1
An.n (@)= sup )e”‘“’(‘) Sy (h, 9) () | <. . (35
X e , o0
The family { 51 w m‘"} of seminorms generates the topology of Gu(a)) can be
me R,ne N()
in'

Theorem 3.1 — The pseudo-differential operator h
(;U(a)) into itself for p=-1/2.

ua IS @ continuous linear map of

PROOF (i) : Let ¢e Gu(a)) then in view of formula (3.3) we have

ma)(x) ma)(x)

S, Uy 4

n

§ Z p 12 oyt 2, oW

Using definiton (1.3) we can show that the right-hand side is bounded by

o n+j
Z ” P2 p+1/2 I Z n+]

0 r=0 r
« (-r—l D)n+j—r|: (X_V)—” Ju (Xy):| ema)(x) l (x—l D)r y2y+] a(x’ )’)
x [y HE 20, 0) 0)

Since by property (c), x < (1 +x) < e /2 (@b using inequality (2.6) the above expression
can be estimated by

o n n+j

— ol g .

(0. m) e W+ 1/2)asb QNJ‘ z z 'bj'
0j=0 r=0

Iz

v (n +j ]e-Zaj/b y2(n +j-r) c e—r&a/b
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% e2n5w(v)/ b i m)axy) emw(v)

Y2 (hy, 0)0) | dy

n-+)

< —(u+1/2Vb J .
<c(o,m)e 0, X b1
0j=0 r=0

. —2aj/b -réa/b
X (n-&-j)e e et Cr’!ﬂ;+2n5/b,o(¢)
;

oo

% J’ e(O'—m)CO(V)y2("+j"r)dy<°°’ .. (3.6)
4]

choosing m > o. Therefore,

u
Am,n (h;,l,a §) < oo

(if) Let @ (x)= (h“‘ a2 D), then as in the proof of Theorem 2.2 (ii), using inequality (2.11),
we have

oo n
NS, @) [ <O DN b
v=0 j=0
(MY djvvep+1/2| , ~1 pn+j —p—1/2
X —v—'—x x DY x (hucb(x) .. (3.1

Assume that 0 < u+ 1/2 <p, where p is positive integer then
HHEV 2 e FtV2< 0 w2,

and the right-hand side of the eq. (3.7) is bounded by

oo n v
8 ) . _ oot —
emc(E) Z 2 !bjl'(—n_:,T)—(1+x)2j+v+p (x lD)n+jx/1 ]/z(hu¢(x) .

v=0 j=0
oo n ( )v 2j+Vv+p
me . k
< mt® 2 z |bj|T Z (2]+'V+p X
v=0 j=0 k=0 |k

l ! D)n+jx—,u-—1/2 (h#d)(x) l '

Using Zemanian’s technique and eq. (1.3) and the Leibnitz type formula (2.7), the last
expression can be estimated by
oo n ( )V 2i+Vv+p
me(€) me .
e DI VT AL DY (2}+kv+pj

v=0 j=0 k=0



1234 R. S. PATHAK AND AKHILESH PRASAD

x [ y2Hr2neD ke ‘ o] D)k[y—p—l/2¢(y)]

O t——my §

X DT ey G Y

oo n 2j+v+p
FLCED YD YR Y (mé) o 0, j 2U+2n+j)+k+ 1
=€ g o J p y

v=0 =0 k=0 k 0!

x| 67 Dk V2 [ 0021, Gmaty, oy, 0de || dy
0

n 2j+v+p

mC(E)Q Z Z 2 Ibl(m)(2]+kv+pj

v=0 j=0 k=0

yz,u+2(n+j)+k+l

S 8
O 8

o7 D [ P+ apn || ‘ V2, g)(0) I dt dy.

k
X Z k 2k
A

Suppose that N is a positive integer no less than 21+ 6n+p + 1, then the above expression
can be estimated by

oo n 2j+v+p
L) QZ 2 2 z | b  (me)” (mE)
k=0

v=0 j=0

X [(2j+v+p
k

x| 412 g | dr——L
+y)

O e 8
O ey §

s=0

k
Z [k)tz(k—s)(1+y)N+v+2 | o] D)s[tZ;H-la(y, r)”

Using the inequality (1 + y) < e /b (0)b by property (c) and also inequality (2.6) the
right-hand of the above expression can be bounded by

oo n  2j+v+p k
mE g Z Y > Y, Ibl(m) (2_]+V+p)
. v=0 j=0 k=0 s5s=0

x (k ]:2(" =9 [ exp(~(N+ v+2)a/b))
5 0 .

X (0, (N + v+2)/b) C* si(1 +1)° * 2 5D l FH-172 (hy 9) (1) ' ——‘j—’—a
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oo n 2j+y+p k ( E)V
m
mc(£) z .20 kzo ZO lbjl"‘—v!
= = = s=

oo

x [21' +vep ](k ) [ exp-v+ v+ 2)a/b))
k 510

x (0, (N + v+2) a/b) C s\(1 + 1)K 2 00

FH-172 (hu ) () ' dt
(

-a/b ea)(x)/ b

Using again the property (1 +x)<e and writing d(o, v) for c(o, (N+ v+2)/b),

we can estimate the last expression by

o0 n 2j+Vv+p

1%
O O expl~aN+2y/b] Y, PE Y p ¥ (24 vap
: v=0 j=0 k=0 k
k
X sup ﬁ:;'+(2k+2/b)0 (h, ¢) d(o, V) ) Y, (kJCTS!
ke [0,2+4n+2v+2p] s=0 | §

< '”C(":)Q exp [ - a(N +2)/b) 2 ('"8)
v=0

2j+v+p

n
x ¢ Vb Y ijleiV‘p Y (2j+kv+p)(1+C)kk!
j=0

k=0

<™ Q% exp [~ a(N +2)/b]

n

\4 . :
[mee—a/b (Q‘,j.v’p)””} S |bjt(2+c)21+V"(—2L+VV—f1’l, . (38)
j=0 '

>

v=0

where Qﬁ vip= d(o, v) sup B:;+ 2k +2)/b,0 1y 9)-
ke [0,2 +4n +2v+ 2p)

Setting T = 2 + ¢ and using the result I'(v+ @)/ (v+ f) = O(va-B), vV — oo, the expression
(3.8) can also estimated by

>0

A" O Q) exp[—a(N+2)/b] Y e rPIloeY
v=0

1/v

n

Jj=0

X exp[ vlog(mET(fo, v,pj

for some positive constant A.
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Since log v< v we can further estimate it as follows:

¢ 0% exp [ - a(N +2)/b)

/v

oo

X 3 exp V{iog(mET(Qf:,v.p)

v=0

n
2+p o
x Y, b T P<
j=0

as the infinite series can be made convergent by choosing

-1/v

e<(mT)” (Qn v, p) exp(—(2n + p — a/b)).

This completes the proof of the theorem.
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