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In this paper a new form of generating solution has been established in the restricted
problem of three bodies in a four-dimensional phase space.

INTRODUCTION

Krasinski® established the generating solutions in the circular restricted problem
of two bodies in planar case. Ahmad and Huda! generalized the problem in the
circular restricted problem of three bodies in four-dimensional phase space dealing
with some particular cases. For example they have chosen the inclination of the
orbital plane as 90° and also they took 8 as the constant of integration of the energy
integral without any reason. In this paper, we have presented a generating solution

of the restricted three-body problem in terms of KS-variables.

Here all the orbital elements a, e, w,J, Q and E are introduced in the generalized

form, where

a = semi-major axis of the elliptic orbit,

e = eccentricity of the elliptic orbit,

® = argument of the perihelion,

J = inclination of the orbital plane of the infinitesirnal mass with the equatorial
plane,

Q = longitude of the ascending node,

E = eccentric anomaly.

First five elements are constants and E is only the variable in this problem.
KS-variables are used here also, which transforms three dimensional physical space

into four-dimensional phase space.



338 M. R. HASSAN

EQUATIONS OF MOTION

If u be the ratio of the mass of the smaller primary to the total mass of the
primaries, then the regularized canonical equations of motion of the infinitesimal mass
given by Kurcheeva®, are
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ds " 80

w0 ik
ds aq‘

(i=12734

where g;’s are the generalized co-ordinates and Q;’s are the corresponding generalized
components of momenta with the Hamiltonian K, given by
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The distance between the infinitesimal mass and the bigger primary is given by
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The physical time ¢ and fictitious time s are connected by the relation

dt = p? ds.
For generating solution, u = 0, then from (2)
1 4 .. (6)
K= 2 O+ 20°[ Q1 2~ Q2 41— Q39+ Qaqs + C] - 4.
i=1
With the help of (1) and (6) the followings are obtained
q=01+202q, Qi=q1-20* @
@=0-202q, Q=g +2p% qu
B=03-207q, Q3=q3+20% qu
. . d - 7
qa=Qu+20%q,  Qu=qs—2p% q (=£) @



THREE-BODY PROBLEM 339

Again with the help of (1), (3), (6) and (7) one can easily show that
G~ q,-4g} + 35 - 49293 + 41 94) 93— 492 94 — 91 93}
+ 4q; (3p*-C) .. (8)

G+ QUG+ D) G+ NG 93— 32 94) 33+ 4d1 Ga + 92 9344
= 4g,(3p*-C) . (9)

g3 - 49.214 +4(q19s+9) 41+ 42 9a— 91 93) G2 + Hd5 + 42 @

= 4q5(3p*-C) .. (10)

Ga—4p 43— 441 43— 9240 1 - 492 43+ 41 42) ©2 - NG + 40 @
= 4q,(3p*-C). . (11)

Multiplying eqns. (8), (9), (10) and (11) by' g, g1, g4 and g3 respectively and
subtracting the sum of 2nd and 3rd from the sum of the 1st and 4th and on
integration, one can easily find that

B h-NR-99a+q3qa=2p" + M .. (12)

Again multiplying eqns. (8), (9), (10) and (11) by ¢, g, g3 and g, respectively
and integrating their sum, the result follows that,

S . (13)
Y gi=4p0-4Cp2+v
i=1

where A and v are the constants of integration depending upon the initial conditions.

In terms of constant orbital elements, a, e, w,J, Q and the variable eccentric
anomaly E, the explicit representations of KS-variables of an elliptic motion are given
as (Stiefel and Scheifele’),

q1=VasinJ/2[VI—e cosO8cosE/2+VI+esin@sinE/2]
g =VasinJ/2[Vi—esinBcosE/2-VI+e cosBsinE/2]

qs=VacosJ/2[Vi—esinpcosE/2+Vi+ecosdpsinE/2] .. (14)

qa=Va cosJ/2[-V-T-e cospcos E/2+V1 +e sin¢psinE/2 ]

‘Q;w, ¢_Q;—m are constants

0

which satisfy the relations
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4 .. (15)
ri=p = 2 q¢ = a(1-ecosE)

i=1

5 4]

=1-2a[A,(cosE—e)+A,VI-€2sinE]+a?(1-ecosEY ... (16)

4
h=1- E (-1y+1 ¢ +
imw1

where Ay =sin Q sin 0 — cos £ cos ® cos J
A, = sin Q cos ® + cos L sin w cosJ .. (17)
and dt = p2ds = a(l — e cos E) ds. ... (18)

Differentiating g,’s with respect to s,

d1=3 Vasind/2 [-VI—e cos 6 sinE/2+VI¥e sin® cos E/2] E
!

.1

g2=5 VasinJ/2 [-VI—esin® sinE/2-VI+e cosBcosE/2)E

.1 ,

g3 =3 Va cosJ/2 [-VI—esin¢ sinE/2+V1+e cospcos E/2]E

Go=3 Va cosJ/2 [VI—e cos ¢ sinE/2+VI¥e sin¢cos £/2] £

.. (19)

which. satisfy the relations
; ; y a .. (20
qxqz—qlqz~qsq4+q3q4=5V1—e2E (20)
.. (21

4
and 2 21,2=%(1+ecosE)El.
=

The results obtained from the combination of eqns. {(12), (!5), (20)} and {(13),
(15), (21)} are

%'1“6 E=2a>(1-ecosEP + A - (22)
and G (l+ecosE)E’=4a*(1-ecosE)—4aC(1-ecosE)+v. (23)

But in an elliptic orbit, the eccentric anomaly, E is given by
E=2ws (w=vVh/2) - (24)

where h is the total energy of the Kepler motion and w is the angular frequency.
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From (18)
dt=p?ds=(1-ecosE)ds=(1-ecos2ws)ds.

On integration
t=2—“0; (E - e sin E). . (25)

In terms of stumpff-functions and fictitious time s, the physical time ¢ can be written
as
C, C; ... (26)
= 2 = —= g —_—
t f p* ds C°+C1s+2m sin 2w s 2wcos?ms
where C, is the constant of integration and C,, C,, C; are the stumpff-functions given
by

—> 2 - 2
C, - o | ’; | 8 | = @ semi—major axis,
—_ 2 s o 2
R R @5}, pp-39)
and C':;'((]Tb rﬁ—’)‘

—» g - . . . .
Here o , P are the vectorial constants involving in the general solution of the
pure Kepler motion.

Since for the unperturbed Kepler motion

da_ df’ dc; _
a5 =, IE =0 hence e 0 [as (F =2ws)).
Now combining eqns. (25) and (26) we get
a . G (%) - (27)
2 (E—esmE)=C0+C1s+2m sm2u)s—2w0052ms.
Differentiating. this equation and following the initial conditions
E=0ats =0 we get £=2w. . (28)

Now we proceed for the constants of integration A and v in (22) and (23).

Initially at the pericentre passage, £ = 0, £ = 2w, then from (22)
A=awVl—e? -242(1-¢)

Therefore eqn. (22) reduces to

% Vi—e? E=2a2(1-ecos EP +awvi—e€? —2a% (1 - ).

For small value of eccentricity neglecting the second and higher order terms of



342 M. R. HASSAN

e, the final form of the above equation is
E = x-ycosE .. (29)

where x = 2w + 8ae, y = 8ae are constants.
Here clearly x > y, then eqn. (29) yields

E-Ztan‘l[ptan(-;-m+ppo)} - (30)

where p = V x+y and p; is the constant of integration.
Again initially at the pericentre passage, E = 0, E = 2w, then from (23) we get
v=auw? (1 +e)—4a®(1-e)+4aC(l -e).

Therefore egn. (23) reduces to
%(1 +ecosE)E2=4a3 (1-ecosE¥—4aC (1 -ecosE) +an? (1 +eé)

~4a% (1-e)® + 4ac (1 -e).

For small value of eccentricity, neglecting the second and higher order terms of
e, the final form of the above equation is

E=vi~-mcosE, -« (31

where [ = 4w’ + 4a(0? + 12a% - 4c), m = de(o? + 12a%~ 4C) are constants.
Here [=m and bence analytical integration is not possible.

The solution (30) is not found suitable for showing the periodic solution of the
motion of the infinitesimal mass. Therefore, it may be possible that there will be
somc other integrals, which will produce the periodic solutions.

With the help of (14) and (19), one integral has been found as
QG- DB+q93-G, g5 = 0. . (32)

Without numerical verification it can not be justified that which one will produce
periodic solution.

The relation between the physical time ¢ and fictitious time s can be given as
t= f a(l —ecosE) ds. - (33)

On substituting the values of E from (30
as analytical method is not suitable for (33)

Therefore the generating solutions are

) in (33), one can integrate numerically,

qi=v[(Vl-ecosBcosE/2+Vivte sinBsin£/2 ]

g2=Y|[Vl-esinOcost/2+Vise cos Bsin E/2 ]
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¢3=d[V1i-esinpcosE/2+VI+ecosésinE/2)

gs=0[Vi-ecospcosE/2+VI+esin¢sinE/2] - (34

Yy=VasinJ/2, d=Va cosJ/2
leyzg [-V1-ecosOsinE/2+V1+esinBcosE/2]

- 2ya(1-ecosE){V1—e sinBcos E/2 —V1 + ¢ cos O sin E/2]
QZ-XZE [-VT—esinBsinE/2-VT +ecosBcos E/2 )

+ 2ya(l-ecosE)[Vl1-e cosBcosE/2 + V1 +e sin 6 sin E/2)
Q3=% [-VI-esingsinE/2+VI+ecos¢cosE/2]

+ 20a(l-ecosE)[-VI-e cos¢cos E/2+ V1 +e sin ¢ sin E/2)

Q4=% [VI-ecos¢sinE/2+VI+esingcosE/2]

—2a(l-ecosE)[VIi-esinp.cosE/2+VIi+e cos ¢sin E/2] ... (35)

where E=x—y cos E and £=vI-mcosE, x, ¥, 1 and m have their usual meaning
as in (29) and (31).
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