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In this paper. we establish some new existence theorems on the solutions and the
coupled minimal and maximal quasi-solutions for nonlinear Fredholm integral equa-
tions which does not possess any monotone properties in ordered Banach space by
means of monotone iterative techniques and then apply these results to the two-point
boundary value problem of second order nonlinear ordinary differential equations in
ordered Banach spaces. Finally. a example on infinite system of nonlinear Fredholm
integral equations is worked out.

1. INTRODUCTION

This paper is continuation if Sun and Liu'”. Now we shall consider the nonlinear
Fredholm integral equation

uy= | H( s u(s)ds, tel ()
!

where I = {a, b], He C{IxXIxE, E], i.e, H is a continuous mapping from
IxIXE into E, E is a real Banach space with norm I - it and there exists a function
Ge ClIxIxEXE,E} such that for any (tsx)e IXIXE

H(, s, x) = G, 5, x, x). .. (2)

- Vaughan'® established some comparison theorems and existence theorems on
extremal solutions for nonlinear Volterra integral in ordered Banach space by means
of monotone iterative technique. But for nonlinear Fredholm integral equations the
situation is quite different since there are no comparison results in this case. Recently,
in the special case where H(t, s,-x) is nondecreasing in x for fixed 1, s € I, Guo®
establishes an existence theorem -on the maximal and minimal solutions for eqn. (1)
in ordered -Banach spaces by means of monotone iterative techniques. The problem
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of proving the existence results when H does not possess any monotone assumption
is an interesting and important question. The purpose of this paper is to study this
problem. We shall use the Manch’s fixed point theorem!? 3 and somewhat different
method to obtain iterative sequences which converge uniformly to solutions and
coupled minimal and maximal quasi-solutions of the nonlinear Fredholm integral
equations in ordered Banach spaces. But, our method is different from the method
of mixed monotony in Khavanin and Lakshmikantham!! and our results generalize
and improve the results of Guo®.

2. PRELIMINARIES AND LEMMAS

Let P be a cone in E that is a closed convex subset such that AP < P for any
A>0 and PM {- P} = {0}, where O denotes the zero element of E. By means of

P a partial order < is defined as x<y iff y—~xe P. A cone P is said to be normal
if there exists a constant N > O such that x, y € E, 6 <x<y implies I xI<NIyl
(see Deimling®, Guo and Lakshmikantham’). The cone P is normal iff every ordered
interval [x, y] = {ze E:x<z<y} is bounded. Let P, = {ue C[LLE] : u(t)=8 for
all te I}, where Cl/, E] denotes the Banach space of all continuous mapping
u : I — E with the norm ll ull-=max;c,; It u() Il. It is clear that P; is a cone of
the space C[/, EJ and so it defines a partial ordering in C{/, E]. Obviously, the
normality of P implies the normality of P; and the normal constants of P, and P

are the same.
Let vy, wye ClI, E]l. Then vy, wy are said to be coupled lower and upper
quasi-solutions of the eqn. (1) provided

vo(f) < I G(t, s, vi(s), wo(s)) ds,
I

.3
wy(t) 2 I G(t, 5, wo(s), vo(s)) ds, te I
!

If in (3), equality signs hold, then v, w, are said to be coupled quasi-solutions of
egn. (1). Clearly, one can define coupled maximal and minimal quasi-solutions of
eqn. (1).

We shall always assume in this paper that P is a normal cone of E. of:) and
B(-) denote the Kuratowski’s and Hausdorff’s noncompactness measure, respectively,
the properties of which may be found in Lakshmikantham and Leela'’. For any
v, Wo € CIIL E] such that vy<wy, we define the ordered interval [vg, wy] =
{ue CIILE] : vgSu<wy} and the set Q= {xe E:vy(t) < x<wy(t) for some te I}.
For any Bc CIIL E], let B(t) = {u(t) : ue B} CE, tel

The proof of our main results in this paper will need the following lemmas.

Lemma 1 — Let G(t, s, x, y) be uniformly continuous on IxIxQx£Q,
B, By vy, wg] uniformly bounded and equicontinuous. Then for
fixed te I, G(1, s, B|(s), By(s)) is uniformly bounded and equicontinuous on se€ I
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The proof of Lemma 1 is simple and is therefore omitted.

Lemma 2 (Banas and Goebel') — Let B < (I, E] be uniformly bounded and
equicontinuous. Define m(z) = o(B(r)), t € I. Then m(z) is continuous on t€ I and

I 1

a[ | Bes)ds ]s [ ouBs)) ds.

Lemma 3 (Lakshmikantham and Leela'?) — If B < C{J, E] is a uniformly bounded
and equicontinuous, then oB)=max, ; 0(B(2)).

Lemma 4 — Let By, B, c C[l, E] be two countable subset satisfying B, = co({ug}
U By) for some uye C[I, E]. Then B,(r) = co ({ug(t)} \U By(1) for any te I
PROOF : For any fixed € I let x € By(r). Then there exists u € B; such that x

= u(r). From ue B, < co ({uy} { B2). We infer that there exist

m"
v, = o) Uy + z o w e co({up) UB).n=12 .,
k=1

such that v, —ull.—> 0, as n — e, where

wie By, k=1,2,..m. o020, k=01, .. m, ¥ o =1

Hence v, (f) > u(f), as n — . Since

v (=08 u+ D, of" Wi’ (1) e co ({up()} UBM), n = 1,2, .,
k=1

we get x = u(t) € co ({ug(D)} U B,(?)) and so B\(r) = co {ug(H)} U By(0). Th%.refore,
B0 € co ({u(0) U By(0)).

Conversely, let x e co({up(t)} \U B,(1)). Then there exist u;€ By, i = 1, 2, ..,
m, such that

x=0gup )+ 2 o; uill),
i=1

where 0,2 0, i =0, 1, .., m and X, o, = 1. Since

U=0guy+ Z o; u; € co({ug} \U By) € B),

i=1

there exist v,€ B,, n = 1, 2, ... such that lv,—ullc—0, as n— and hence
V) > u(t)=x, as n—> . From v, (€ B,(1r), n = 1, 2, .., we get x€ B (r). Thus
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co({ug()} \U By(1)) m It follows that co {us(®)} \U B,(1)) m The proof
is complete.

Lemma 5 (Moénch'3) — Let X be a Banach space, K< X closed and convex
and F: K- K continuous with the property that for some xe K we have BCc K

countable B = co ({x} \U F(B)) imply B is relatively compact. Then F has a fixed
point in K.

3. MAIN RESULTS

Theorem 1 — Let vg, wy € C[1, E] be coupled lower and upper quasi-solutions
of the eqn. (1) such that vy <wpy. Assume that :

(H;) G is uniformly continuous on IXIxQ x£;

(Hy) G(t, s, x, y) is nondecreasing in x € Q for fixed (¢, s, y) € IxIXxQ and
G(t, s, x, y) is nonincreasing in y € Q for fixed (1, 5, x) € IXIXQ;

(H;) there exists ke C[IxI,R*] such that for any countable sets
D,cQ,D,cQ and (¢, 5) € Ix]

o(G(t, s, Dy, D,)) < k(1, s) max {a(D,), o(D,)}
and

[ ] ew sydsar<t. . ()
11

Then eqn. (1) has a solution u* € [v*, w*], where (v', w*) € [v,, w,] X [v,, w,] is coupled
minimal and maximal quasi-solutions of eqgn. (1). Moreover, we have

vu(t) > v, w,(t) = w*, uniformly on te ] as n — oo,
where

vl = | Glt, 5, Va1 (), a1 (5)) ds,
1

. (5

w0 = [ Gt 5, wp_y (5 va_ 1 () ds, n=1,2,3, ..., tel
1

and
o) v S... Sy, (<. v Suk(t)
SwS...sw,(ODS...Sw()Swr), te L

PROOF : We first define the operator A : [vg, wg] X [vg, wg] — CII, E] by the
formula

AW w)= | G, s, Ws), wis)) ds. .. (6)
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It follows from the assumption (H,) that A is a mixed monotone operator, i.e.,

A(v, w) is nondecreasing in v € {v,, w,} and nonincreasing in w € {v,, w,]. Define the

sequences {v,(f)} and {w,(#)} by (5). Since A is a mixed monotone operator and
S A(vy, wy), A(wg, vo) Sw,, it is easy to see that

Vo Svi S .. Sv (NS Sw, (D). Sw()Swyt), te l

Further, by the normality of P, we deduce that [v,, w,] is bounded in C[I, E].
Therefore, by the assumption (H,), A is a continuous and bounded from
[vo, wol X [ve, wo] into  [vy, wp]. Now, for any countable subsets B, B,C co
A([vg, wol X [vg, wol) < vy, we], by the uniform continuity. of G on I'xIXxQ xQ and
the normality of P, it is easy to prove that co A([vg, wo] X [ve Wol) is uniform-
ly bounded and equicontinuous.

Hence, by the Lemma 1, for fixed t € I, G(t, s, B,(s), By(s)) is uniformly bounded and
equicontinuous on s € /. It follows from Lemma 2 and the assumption (H;) that

O(A(B (1), By(1)) < j a(G(t, 5, By (s), By(s))) ds
I

< J k(t, s) max {a(B|(s)), 0{By(s))}ds, te L . (7N
I

In particular, for uniformly bounded and equicontinuous countable subsets
By ={v,in=1,2 3, .},
By = {w,:in=1,23, ..} C co A(lve, wo] X [vo, wol),
we have
(B (1)) = a{ A(vu(1), wn(1) : n =0, 1, 2, ....}) S (A(B\(1), Bx(1)),
a(Ba(1)) = U{A(wn(8), va(D) : =0, 1,2, ....}) < (A(B(1), B,(1))), 1 € 1,
and so, by (7)

max{0(B,(¢)), «(By(1))} < '[1 k(t, s) max {o(By(s)), UB(s))}ds, te I

Set m() = max{o(B,()), a(By())}, tel. Then m(f) < “.1 k(t, sy m(s)ds, te I and

therefore
2
JI mi(tde < J ( (s, s)m(s)ds) dt
j ( k%(t, s)ds jl m2(s)ds )dt

( I k%(z, s)ds dt) ( J‘I mz(s)ds) s
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which, by virtue of (4) and continuity of m(f), implies m(f) = 0, rel, ie,
oB (1)) = o(By(t)) = 0, te I. Consequently, by Lemma 3. o(B,)=a(B,) = 0, that
is, {v,} and {w,} are relatively compact on C[/, E], and so there exist subsequences
{V'u} c {v,} and {w,,‘} < {w,} such that

vy, = V¥ € [vo.wol, wa, = w* € [vg, wol, ko> oo,

&

Since P, is normal and {v,} and {w,} are monotone sequences, it is easy to see that
the sequences {v,} and {w,} also converge uniformly to v* and w*, respectively.

Taking limit in (5), we find that (v*, w*) is a coupled quasi-solutions of the eqn.
(1). Let (v, w)e€ [vy, wy]l x[v,, w,] be any coupled quasi-solutions of eqn. (1). It
follows easily from the mixed monotone property of A and vy<v,w<w, that
vi < v, w<w. By induction, it is easy to see that

v, <v,wsw,n=1,23 ... . .. (8)

n =

Letting 17 — oo in (8), we get v <v, w<w* This shows that (v, w*) is the coupled
minimal and maximal quasi-solutions of the eqn.(1).

Finally. we prove that eqn. (1) has a solution u™ € [v*, w*]. Define a continuous
operator F: [v*, w*] = [vg. wo] by Fu=A(u, u). It is evident that wue [v* w*] is
a solution of egn. (1) iff u is a fixed point of F in [v*, w*]. For any ue [v* w¥],
by the mixed monotone property of A, we have
V= A, wF) S Fu<AGY, wH=w*, hence F @ D w*]—= [V w¥) Set kK =
co (F[v*.w*]). Then F is a continuous operator from K into K. Let
B c K c ([l E] be any countable subset satisfying B = co ({x} \J F(B)) for some

x€ K by Lemma 4 for any te I, we get B(f) = co ({x(t)} U (FB)(1)) and from (7)

we obtain

oB(1)) = o ( B(r) ) < a(FB)())
= ]l (G, 5, B)(s), B(s)ds < fl K(t, s) o (B(s)Ks.

Using the same method as above, by (4) we assert that a(B(r)) =0, t € 1. Consequent-

ly, by Lemma 3, we have o(B) = 0, i.e., B is relatively compact in the space C[I,

El. It follows from Lemma 5 that F has a fixed point «* in

K=7co (FIv*, w*)) c [v*, w*], i.e., u* is a solution of eqn. (1) and v* <u™ <w*. This
completes the proof of Theorem 1.

Remark 1 : Observe that, the conclusions of Theorem 1 cannot be obtained by
Theorem | of Gou and Lakshmikantham®, and Theorem 1 of Chen-.

Remark 2 : Obviously, suppose that H of eqn. (1) admits a decomposition of
the form H(:, s, x) = H(t, s, x) + Hy(t, 5, x), where Hy(t, s, x) is nondecreasing in x
for fixed (¢, s) € IxI and H,(,s, x) is nonincreasing in x for fixed (¢, 5) € IX /1.
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Then G, s, x,y)=H\(t, s, x)+ Hy(t,5,y) satisfies condition (H,) of Theorem 1.
However, H(t, s, x) does not possess any monotone properties in x.

Remark 3 : Suppose that there exist vy, wye C[I, E}, vo<wy and a positive
bounded linear mapping L from E into E such that

vol?) < j/ (H(1, 5, vo(s)) + H(1, 5, wo(s)) — L(wo(s) — vo(s))) ds,

wol(t) 2 jl (H(t, 5, wo(s) + Ht, 5, vo(s)) + Liwe(s) — vo(s))) ds. 1 € 1,

and for any t,selLx,ye Q,x<y
—L(y-x)<H(t s, y)-H(t, s, x)< Ly - x).

Then G, s, x,y)=[H(t, s, x)+ H(1,5,y) + L(x — y)]/2 satisfies condition (H,) of
Theorem 1 and v, w, are coupled lower and upper quasi-solutions of eqn. (1).
The proof is simple and we omit the details.

Theorem 2 — Let vy, wye ClI, E] be coupled lower and upper quasi-solutions
of the eqn.(1) such that vy <wy Assume that the assumption (H,) of Theorem 1
holds.

Suppose further that there exists ke C[/xI,R*] such that for any
s, x,y)e IXIxQxQ,x<Ly

G(t, s, y,x) - G(1, 5, x, ) S k(t, 5) (y — x)

and p(K)<1, where p(K) denotes the spectral radius of linear operator (Ku)(t) =
j k(t, s) u (s)ds. Then eqn. (1) has exactly one solution u* € [vy, w,] and for any
)

initial (py, go) € [vo, Wol X [ve, W,], constructing successively sequences

()= II G(t, 5, a1 (5): Gn_1 (5)) s,
. (9
qn<r)=I, Glt, 5. gnr () Py (S dsn=1,23, .. 1€ I
we have

palt) = u*, g,(t) > u*, uniformly on re I as n— oo, .. (10)

In particular, for any initial u,€ [vy, w,l, the successively sequences {u,(s}} defined
by

u(f) = ]l Glt, 5.ty 1 () ty_y () dssn=1,2.3, ..te ],

converge uniformly to unique solution u* € [vy, wo] of eqn. (1).

PrROOF : It follows from the assumptions that A : [vy, wol X [vy, wol = ClI, E]
defined by (6) is a mixed monotone operator such that
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vo < A(vg, wg), Alwyg, vg) < wo. . (1)

A(w, v) - A(v,w) £ K(w —v) whenever w, v € [vg, wpl.v<w. . (12)
Define {v,(r)} and {w,(})} by (5). It follows from (11) and (12) that
vol) Svi) £ ... sy S .. Ssw) <. Sswi() Swgln). te L
O<w, (D) —v (DK (wy(t) —vo(t)),t€ I,n = 1, 2, 3, .., . (13)
and consequently
0 S v, 4 (1) = v (D) S (1) = v, (1) S K7 (o) = vol2))s
te Lkn=1, 23, ... . (14)
By virtue of the normality of P, and (14), there exists a constant N > 0 such that
Bvper—volle €S NIEK" W ITwy—voll e kon = 1, 2, 3, ..
which, by virtue of p(K) < 1, implies that {v,} is a Cauchy sequence in C[/, E],

alsc so it converges uniformly to some u*e [veo wol. By (13), we can prove

that {w,} also converges uniformly to «* and v, <u® <w,. Hence, from the mixed
monotone property of A. we have.

v, =AW, ow, )SAW W )<SAMw, v, )=w.n =123

n= ~ I
. (15)
Letting n — e in (15), we get u = A 1) Let ue [v, wy] be any a fixed point
of A. Since A is mixed monotone and v, <u <w,, it is easy to see that
V= A, wy) S A, u)y=u S A(wy, vo) = w.

By induction, it is easy to see that

vpSuswy,n =1,2 3 ... ... (16)

Letting n — oo in (16), we get u=u®*, ie., we have showed that u™ is the unique
solution of eqn. (1).

Finally let (pg, qo) € [vg, wol X [vg, wol be given and (9) be constructed. Similarly
the proof of (8). we get

VoS P quSw,n =0, 1, 2, ... ' e (17

It follows therefore from (17) and the normality of P, that (10) holds. Thus the proof
is complete.

Theorem 3 — Let H be a continuous mapping from I/ xIx P X P into P. Assume
that the following conditions are satisfied :
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(G)) Glt, 5,x,y) is nondecreasing in xe P for fixed (¢, s, y) € IxIxP and
G(t, 5, x,y) is nonincreasing in ye P for fixed (¢, 5, x) € IXIxP;

(Gy) there exists 0 < o < 1 such that for any (¢, s, x, y) € IXIXxPxP,
O0<Ai<li

G[ 1, s, Ax, ‘;): ] 2 A G, s, x, y);

(G;) there exist upe P; and Age (0, 1) such that

KT un < fl H(t, 5, up(s)ds < &g~

o uy(t), re .

- 172
U, Wy = A, U,

5

Then eqn. (1) has exactly one solution u™ € [v,, w,], where vuzk:)

Moreover, for any initial points (py, go) € [vg, wgl X [vy, wy] constructing successively
sequences (9) we have (10) with convergence rate

pu—u* o= 01 =A ), gy —u*llc=0(1 - A3 ).

PROOF: Define operator A : P;x P, — P; by (6). It follows from the assumptions
(G,)-(G;) that A is mixed monotone and

A{ XV,% Jz ACA(v, w), v, we PLO<h< 1,

(1 -2 @-1)2
A, Uy < Alug, ug) < Ag Uy

Hence, using the similar method as in the proof of Theorem 1 in Guo®, we assert
that the conclusions of Theorem 3 hold. We omit the details.

Remark 4 : It should be pointed out that we do not require the condition (Gs)
when P is a solid cone.

Remark 5 : In Theorem 1 we use the compactness type condition (Hs). But in
Theorem 2 and Theorem 3 of this paper, we do not use the compactness type
conditions.

4, APPLICATIONS

Consider the following two-point BVP
~u'=fit,u),te 1=[0,1],
.. (18)
u0)=u(1)=0,

where fe CIIx P, P) and P is a cone in a real Banach space E.

Theorem 4 — Let P be normal. Suppose that there exists a mapping
ge ClIxPxP,P] such that fit,x) = g(t,x,x) and g satisfies the following
conditions :
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(Qy) g is uniformly continuous on IXPgrx Pg for any R > 0, where Py =
{xe P:lIxII<R};

(Q,) g(t, x,y) is nondecreasing in xe€ P for fixed (t, y) € IXP and g(z, x,y)
is nonincreasing in y € P for fixed (t,x)e I X P;

(Qs) there eixst a nonnegative constant ¢ < 8 and d(1) € C[1, P} such that
g(t,x,0)<cx+d(r),te LLxe P,

(Q,) there exists a constant 0 < M < V90 such that for any bounded and
countable subsets Dyc P, D,c P and te [

a(g(t, Dy, D)y <M max {oUD), (D)}

Then there is a positive function w, e C[I, E] such that the egn.(1) has a coupled
minimal and maximal quasi-solutions (v*, w*)e {6,w,]Xx[0,w,] and a solution
u* € [v*, w*]. Moreover, there exist sequenbes {v,} and {w,} which converge uniform-
ly and monotonically to v and w*, respectively.

PROOF : It is well known that u is a solution of BVP (18) in C*[I, P] iff u is
a soiution in C[I, P] of the following integral equation

u(t) = J h{t, 5) f (s, u(s))ds, ... (19)
1
where
Hl-ys), ift<s,
h(t, s) =

s(1-1), ift>s.
It is easy to verify that the mapping G(t, 5, x, y) = (1, 5} g(s, x, ¥) satisfies the assump-
tion (H,) and (H,) of Theorem 1. For any bounded and countable subsets
D cP,D,cP and t,s € I by the assumption (Q,), we have
oG(t, s, Dy, D)) = o(h(t, 5,) g (5, D), D>))
< ht, s) & (g(s. Dy, D))
< h(t, s)M max {o(D,), a(D>)}

and

jl JI (Mh(1, ) ds dr = M> J; J] h2 (¢, 5) ds dt='g'420“< I.

Hence the assumption (H,) of Theorem 1 is satisfied for k(¢, s) = MA(z, s). Put

Lw(t)=¢ JI h(t, syw(s)ds, vo(t) = j, h(t, s)d(s)ds, te 1.

Since WLH7 e max,, ,H(1-1t)/2=c/8<1, the equation (/-L)w=y, has a unique
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oo

solution wy(t)=({ - L) y0=z L y,€ P, Hence, by the assumption (Q,). for any
n=0
t € I we obtain

J 00,9005, wols). 0)ds <[ it ) (cwols) + s

= Lwg(t) + yo(t) = w(t)

and
0< jl G(1, 5)g(s, 6, wy(s))ds.

Therefore (8, wy(t)) is a coupled quasi-solutions of eqn. (19). The conclusion of
Theorem 4 follows from Theorem 1

Example — Consider the infinite system of nonlinear integral equations of
Fredholm type

u,(t)y=n-12 I[ t cos (ts) u,,(s)( 1+ "i+| (s) )_l ds
+dn! Il K1+ 14 5y3 2 (s)sin(ts)ds

+ 0.3n72 j 2 seaWds, tel=10,1}, n=12 3 .... Q0
I

Conclusion — The system (20) has a continuous solution
u* = (uy (), > (O), .oty (), .. )1 € ]

and a coupled minimal and maximal continuous quasi-solutions

VEE) = 01(8), Va(l), oo VD), ), W (8) = (W1 (8), Woll), on WD), ...) 1€ T
satisfying

t

(-)Sv:,(t)Su:,(t)Sw,*,(t)S;, teln=1,23, ...

Moreover, there exist sequences {v,} and {w,} which converge uniformly and
monotonically to v* and w*, respectively.

PROOF : Let E = ¢p= {x=(x}, X35 c0r Xps --.) 1 X, > 0} with norm Il x | = sup,
Il x, l and P = {x = (x}, X3, ... Xp, ...) € Cp: X, = O for all n}. Then P is a normal
cone in ¢y and the system (20) may be regarded as an equation of the form (1),
where

X=X, X9y ey Xy o)y ¥ = (V15 V25 +es Vs -+ ) € Cp»

H(t, s, x)=G(, s, x, x),
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G(t, s, x, ) =(G(t, 5, x,¥), Go(t, 8, X, ), ..., G,(t, 5, X, ¥), ...)

and
Golt, 5, %,y) =112 £ cOs (15), (1 + Yp 1 1)
+ 4 11 + £+ 5)3 x5, sin(rs)
+03n22sen=1,2 3, ... . 2D

Evidently, G e ClI XX cyXcy o], G is uniformly continuous on IX[Ix By X By for
any R > 0, where B, = {xe ¢,:IxlI<R}, and G(s, s, x, y) is nondecreasing in
x€e P for fixed (¢, s, y) € IxIxP and nonincreasing in ye P for fixed (¢, s, x)
€ I x1Ix P. Moreover, (21) implies

1G5, x, )1 Sn 2l x W+ dn T N x 2
+ 03n2eV p=1,2 3, ... .. (22)

Now consider the sequences {x™}, {y*} c P and let max {Ilx™l, Iy} <M =
const. (m = 1, 2, 3, ..). Taking into account (22) and using the diagonal method,

we can choose subsequences x('")} c {x'™} and y("”} < {y"} such that
q m m

G,,(t,s,xf;"), yf"l")) S z,aamoeon=1,2,3 .., - (23)
where ¢ se I are fixed. By (22), we have

| G658 7 Y1 € VM 4 M4 03 - 24)

1z, 1S V2 M+4n ' M2 +03n2eM . nm = 1, 2, 3, ..., .. (25)

and so, for any given € > 0, we can choose a positive integer n, sufficiently large
such that

€

2,n>n0m =123 ... .. @26

m) (m) €
lG,,(t,s,xm Yo )l <5,Iz,,|<

By virtue of (23), there exists a positive integer m, such that
| G,,(t, s,x:"),yf:))—z,, | < eEm>mg, n=1,2, ..., ny. .. 27)

It follows from (26) and (27) that

{m

”G(t,s,xm),yf:))—z || =Sl:p

(m) _(m)
G,,(t,s,xm Y )—z,, I <& m>my,
where z = (2,,2 s 2 ---) € € On account of (25). This means that G(t, s, x:') ,

yf:)] —z in ¢, as m— e and therefore we have proved that G(t,s,D,, D) is
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relatively compact in E=¢; for any bounded and countable subset D, c P,D,c P
and ¢, s € 1. Hence, the assumption (H;) of Theorem ! is satisfied for k(z, s) = O.

Now let vy(t) = (0, 0, ..., 0, ...) and wy(t)=(t,¢/2, ..., t/n, ...) for t € I. Evidently,
ve, wp € C[I, E] satisfy the inequality

vo(t) € J.l G(t, s, vo(s), wo(s))ds, t € 1.
It is not difficult to show that v, and w, also satisfy the inequality

wolt) 2 J G(t, s, wo(s), vo(s))ds, t € I - (28)
!
In fact, we have

[ @ut+r+s3singsyds < 2 | s2ds < ﬁ,
1 1

I 2 se’nds <t j eS/"ds=m(eV"——1 )SO.Sm,
] !

and consequently

Jl Gn(t, S, W()(S), V()(S))ds =n 172 J ICOS(IS) (i J ds
!

2
-1 -3 N 3
+ 4n Jl 1 +1+5) ( . ] sin(ts) ds

! 4 14
+ 0.3 j Pse"ds S —+——+-—
] 2n  4n  4n

=L iern=1 23 ...
n

This means that (28) holds and (v,, w,) is a coupled quasi-solutions of the eqn.(l).
Hence, our required conclusions follow from Theorem 1.

Remark 6 : The results of this paper cannot be obtained by the fixed point
theorems on increasing operators and decreasing operators, since H in the eqn.(1)
does not pessess any monotone properties. Of course in Theorem | and Theorem 4
one does not need the compactness type conditions when E=R"
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