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Itis proved in a simple way that all components of the stress tensor are to
be received straightforward by differentiating the free energy function with
respect to the components of the tensor of natural strain. Some conseq-
uences of this fact are discussed. As an example a derivation of approximate
equations of elastic equilibrium is given for a case of near hydrostatically
strained body.

Stress-strain correlation under a finite deformation was discussed by many
authors!’""%. It was established that the result of differentiation of the free energy
function with respect to the distortion tensor! or to the strain tensor’-? is some tensor,
which is connected, more or less simply, with the stress tensor.

In this work it is shown that the stress tensor is to be received by differentiation
the free energy function with respect to the so called tensor of natural strain, the prin-
cipal values of which were introduced by Hencky® and were discussed by many authors’.

§1. Let x; and & be the Cartesian coordinates of a point of a solid under a de-
formation and in nondeformed state correspondingly. They differ by the displacement
vector u;

xr = ¢ ({€a)) = & + u. (1)

The work done by external forces of density f; and of surface density P = oy n;
through the virtual displacement § x; is

SR=1[dVfidx+ 550, (2

Integration here is performed over the real volume of strained body and over
it's surface (in the second term), oy is the stress tensor, dS; = dS n; the vector of
infinitesimal area of the surface; all the terms are functions of x;.
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After transforming the second term at volume integral® and taking into account
the equilibrium equations

30,1

7x, +f£i=0 ..(3
we have
@ 3x
SR=[dVay, ax,.’ . ...(2a)
Here
8x; = ¥ — xy
and
Fi=¢ (& - (1a)
are the coordinates of a point {x;} of a body after the virtual deformation. Set
0 X a Eu.
Aiu - a Ec: s MBaf 2 X1 (ﬂ' = A_1) "‘(4)
then
38 X 0x 3 Eog 5
axj’ = 3 E: ' - 311 = (Mo — Aa) Paj = & A Puy
and ,
SR=[dVSp(edAy) ...(2b)

where S; a is a trace of matrix a.

If 8 X is expressed through distortion tensor du;/dx;(2b) leads or to Finger’s
resultl.

Let v be the tensor
y=ulp (5

(the symbol T indicates forming of the transposed matrix). v, are the coefficients of
quadratic form

d[: =d & dby = pai oy dx; dx; = Yij dx; dx;. ...(5a)

Now we introduce tensor of natural strain

z=—3lny = —{InpTpu ..(6)
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As v is the only symmetric tensor which defines the strained state of a body, we
can assume, that o and v have the same principal axes and so are permuttable matrices.
Under this assumption

S @3y = £ Slo vt () v = nS,le () v

hence
Spla 8 F()] = Splod v f(v)]
where f'(x) = F’ (x) and f (1), F (v) are functions of matrix v [ref. 2], therefore
Sp(a8s) = — } Sp[3(Y) vl = — } Splo (3pT) v
-3 SyfenT Gy

By using again commutability of o and y~!, symmetry of o and the next identity
(following from (4))

Spu= Sy‘lé——p(SA)u

we have
Sp(s8s) =S, [s (3X) ). (7

From (2b) it is clea_r6 that the thermodynamical identity for free energy f per unit
mass, defined as

F=1[pdVvf

(F is the full free energy of a body) may be written in a form :
df:-—ndT+-%S,@dn (¥
(7 is the entropy per unit mass, 7T the tempsrature, P the mass density) and therefore

oy =P (alefj )r ...(8a)

or briefly (o and s are the matrices)

°=P(%€)r ...(8b)
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From (1) and (4) it follows that
pat = Sai — 0 Usf0x; = 8ut — Bix
where B is a distortion tensor®, hence (E is a matrix unit)
v = E = Ju ...(9)
where
w=1(+ 8~ B87) | ..(99)
is a strain tensor in Eulerian variables’ which are used here.
Hence the connection of # with s is as follows :
u=1/2[E — exp (— 25)]
and it is clear that 4 == sasu — 0.

Under the transformations of coordinates for which the form (5a) is invariable,
the next quantity is invariant'®:

vdet vy dx;dx,dxs =dE d& dE =dV,.
On the other hand, at a strained state x; are the Cartesian coordinates and
dx, dx, dxzs = dV

then from (6)
I} = S,s5 = — kIn(det y) = In (dV]dVy) = In (P,/P). ...(10)

(P, and p are mass densities of the same point of a body at unstrained and strained
states accordingly).

§ 2. If a solid is elastically isotropic, its free energy f is a function of a temperature
and of a set of any three independent invariants of tensor s (or y). Our choice of such

a set will be 75 K} , ki (a definition of invariants is in Appendix). Under such a choice
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(A. 4a) gives®)

6=—PE+ 2uA,+vAy=—pE+ <
where functions p, p, v of the variables 7 , k; , k7, are
p=—p Ly L p L
or 3k, ok;
P = P, exp ( ~-r ) .(11a)
As A, and A, are traceless, P = — 1 S, o is pressure at a given point of a body.

It is also clear that in a limit of infinitesimal distortion u is a shear modulus of linear
theory.

From (11a) it follows that next identities hold:

_— 2P % = = 2 . ..(llb)
ok on oI
—@- - a v — 2 a 13 - 6 A\
2k or 2 k; ok .

If stress is a hydrostatic one, without shear parts of stress and distortion, let us
represent the isothermal bulk modulus K

-p P _ %P _ _ P
K=P 59 = S0p= - (12
2

as a seress expansion in powers'® of 7

k(1) - 2 w(n) .(13)

*As
ok} = —2exp (—2ps)= —2yP= — 27 aK:
os 2y
when differentiating any isotropic function f one can set
2 7] a )
e e T TR

Therefor e (8b) gives rise to Murnaghan’s equation in Birch’s form?®.
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the equation of state is

r
o)

_P(lf)-'— Ide(X)= _(_;__%r_ul_)!(l;)nﬂ

n=-g4

and from (11a), (10) we obtain an expression for elastic part of f

I
s _ Lw %
f=to=- J”"”’ = PO”Z ¢+ D
1 < — D" a
‘=b: ((n-]_lij!"Y (n+2’—“1:)

n=1

Is

1

s m+2
_Li (2)" < n
TP m+ 2 (n + D! (m — n)!
n-90

me=(

where v («, X) is a noncomplete gamma-function

x
Y (2, x) = drt e
9

(at compressed state I; < 0).

If a bulk modulus is regarded as function 6f pressure
1 <~ 8
R = 2
from
1 oI
K@ ~  op

equation of state has a form

» o0
=l = 2w

J

dx e® xntl

569

...(13a)

...{(13b)

...(14)

...(14a)

.. (14b)
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and from (13a) we have

Bo = 1/ag, B1 = oy} ..(15)

w2060 - 2]

e | +15(°“) 10“‘“2]
" L o= (] u;’

o =

etc. and vice versa {e,} may be expressed through {B,} by these identities serially.

§3. For solving problems of stress and strain distribution the equation of state
in which o is expressed through tensor v instead of s may be found more useful than

an.
After substituting at (11) the functions
1 1 1/8
a=— g [ (8)" ) e = [ ()]
...(16)
which are expressed through + by (A. 6a), (A. 9) — (A. 12a), we have

6 = — pE — py Ay + (w/4) By = — pE + 2py A, + 18y, ...(17)

where

pr= (w4 610 1o 1) )z o lnw— (~/4)Z ¢ Intye...(17a)

k=1
3 3
_ Y s Y y
Vy-—-vz o, In Yk-—4(p+(v/6) InJ, )2 w, In v
k=1 k-1

and the dependence of p, #, v on invariants of tensor may be found from (16), (A.9)
— (A. 13b), (10) and (A.3);

YN
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o= — %za 1n=[~,/k/( I )”’] .(182)

k=1

1
L=— 5l

Substitution of (17) at (3) gives us three equations of elastic equilibrium which
determine three unknown functions

& ({Z1}) [see (4), (5)].

Differentiation of invariants of tensor s is to be accomplished by means of (A.3),
(A.4) and an identity

ol 81 8+ \ _ 81 ?yim
53 = Sp (aY s ) = B T - ...(19)

If we want to determine tensor v from (3), it is necessary to take into account also
the so-called compatibility relations, which are, as it is clear from (5a), necessary and
sufficient conditions for three dimensional space to be Euclidean®*".

R i = 0 ...(20)
where Ry; is a Ricci tensor of a space with metric tensor vy; :
17, o T}
Rij = a—xm- —_ w‘ + P‘m} P:". - P::. I":m ...(203)
and I‘f, are the Christoffel’s symbols
L. ,,]v_ -1 0 Yml 2 Ymj a_YLI )
Ty = 3G ”‘m(ax, * x 7 x,
I7 = dlnzf 17 Joxi= — 2 I [ox.
After substituting at (20a) - which is expressed through s :
3 3
vy = 132 Zexp( — 25:) + A, z 4; exp (— 2 51)
k=) k k=1 ..(2D

(equation continued ow p. 572)
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3

+ A, 2 w, exp(— 25

k=1

it becomes possible to determine tensor s from (3), (11) and (20).

§ 4. Asan example of application of obtained here formulas let us write down
an equation of state (see below (24)) and equations of equilibrium (see (30)) of nearly
hydrostatically compressed sample in a high pressure cell: This means that dilatation
is of arbitrary magnitude but shear distortion is small. The equations will be written
down up to the second power of shear distortion.

An approximate equation of state may be found from exact formulas (17), (17a),
(18) by using (A. 13) — (A. 13b) but it is instructive to expand (11) straight forward
in powers of small shear part of s. Set

Y= oce ...(22)
where @ > I is an arbitrary quantity.

From (3) (see also (11))

it is clear thot change of pressure along a sample is not more than yield stress (under
pressure there is no crack destruction as all the o;; components are negative).
so if we set

e= F — 2v .(228)

then v may be considered as a small quantity (Spv < 1).

As from (6) it follows that
s=—(E2)Ina + v+ 4+ 00

next expressions hold with a needed accuracy (up to a second order of vin (24));

= —Q@2)hnat I +J?

A,f:-_v—(I;’/3)E+v2 - (J; /3)E
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2
Ay & vt — (J /3>E - (21; /3)v+(2(1; )/9)E

Kok ,V(I;,k; kS );v .(232)

(I kK et L
p (5 k ok Y=p — K~ Kt a0

+ @+ -k (1)

Thermodinamic quantities (moduli and their derivatives) with omitted arguments
are taken to the point ( Lk, Kk ) = (—@3/2)In «, 4, 0) and by ¢’ is marked any

quantity

Y o=0y (1; ,0,0)/3];‘ IF'=—0@G2)ha=—Koyop ..(23b)
where p and I} = — (3/2) In « are connected by the equation of state (13a) or (14b).
The derivative & p/ok; is expressed through p and p’ by (11b).

By substituting (23a) at (11) we have :
e —pE + KLE+20 - (1B )E) +K+4
+ - BE+ER—wre - (K ) E
F 2 =3 v+ (2 + Do (29

Excluding the finite rigid-body rotations we can relate to any v the corresponding
small tensor of distortion 8 and the displacement vector 7 :

v=1}(0+ 6" — 6467)

8i; = &M,/ @ . ..(25)
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In linear approximation

6 =—dE+ o (%)
c(l)('lj)= (K— ———)(Vn)E+P(9+OT)

and an equation of equilibrium is

L) = (K+~§)V(Vn)+ phg=0

set
n=m+ (<< {n])

with v satisfying (27) and boundary condition

P = o () (¢ {x)) (x} € So).

. (26)

.27

..(28)

...(272)

Here S, is a surface of the initially unstrained sample that is compressed « times. Now

from (24) it is easy to see that
o = —p E+ o (m) + o0 (1) + o ()

where

o® (1) = %‘ (#+# — ——) Sp(eNE

+—(K+ R )JE—i—(f—M'
+ ey J—)(vv,)zE+ (p'— %)(vn)(B-H?T)

+ 5@+ Te— 060+ (6 + 07

+ 6T 6 + 0 07)
Vo 2 9w 9y ry — Om 9N
Tz Spo dx; 9x » Sp(867) = 9x; 0x,

and an equation of equilibrium in a second order approximation is

L)+ =

(29

.. (30)
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with

Pl = 22 @0 x,. ...(30a)

(3]

A boundary condition (on a surface S, which is received from S, by displaceraent of
all its points by vector % on S,) is to be set in a different way for each problem : a
force P; is taken to a real surface of a body and when its variation under the displace-
ment of surface is no less than of order Py { = | [ |mi |~ Pr]w |/l (lisa size ofa
sample) it must be taken into consideration.

Coordinates &; of a point x; before deformation are
= Va(xi — W) ..(31)
and the displacement vector u;

w=—We—-Dx+vanu=—-(010—-1ve)l+ .-(31a)
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APPENDIX
1. We want to consider the following invariants of a 3 X 3 matrix a:

a a _1.a
J, = Spa®, K _EJ , =123 ...(A.1)
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coefficients I, of its characteristic polynomial D* (\) =det | A E — a | = A% — [ )
+ IA — I and “Small” invariants
a A a ' -a a
J,=J, Kk, =K i =1 -.(A.1a)

where A is a deviator of a
A=A7A,=a— (1;‘ 3) E (A.2)

All the formulas through the appendix are related to a certain matrix a, that is
way the superscript a is further omitted.

Only three of these invariants are independent. The identities used in this work
are :

11=J1’i2="%].2="“k2, il:%]-'s:ka

. 1,
=t =3 =Sy = bt o T (A3

13:(%‘ )3+ gl—iz-i—z‘a.
As from (A. 1) it follows that
oJr| 6aT = p ar~', & K,/aT = qr-? ...(A.49)
(A. 3) leads to
8 kofoaT = A, 0ksfdaT = A® — (j.,/3) E = A, ...(A4a)
The Hamilton-Cayley theorem states that
DAA) =AM+ i, A— i, E=0. ...(A.5)

2. It is well known? that the matrix valved function of matrix may be presented
in a form

r.!
f(a) = § §o f (@) Zim ‘ ...(A.6)
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where p. is a multiplicity of an eigenvalue a, f is the mth derivative of f, and the
component matrices Zi» depend only on matrix a but not on function f.

Introducing a matrix W(a) with elements

Wy =a"= 8 Ko a (A7)

we can easily see from the representation of f (a) by Lagrange-Sylvester’s interpolat-
ing polynomial® that if all roots ax are nondegenerate then

Zi = z W (@) at, (A
l=]
As from (A.7)
Wil = 0 afd K. (A.7a)

(A.8) and (A.4) imply

Zi = 0 ayjd aT.
An expression (A. 6) with Z, from (A.8)
f@ = Z f(@) Z ...(A.6a)

holds also for degenerate eigenvalues after the corresponding limiting transition (that
leads to (A.6)) though (A.8) looses meaning as det W becomes a zero

3. The eigenvalues of matrix a are
ax = g—‘—k A .(A.9)
where Ay are the eigenvalues of deviator A of a and satisfy an equation
Al +i, D — i3 = 0. ...(A.52)

For symmetric matrix A all the roots of this equation are real.

This is possible if*
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Taking into account an obvious relation k; = —i» > 0 we have
fe ] €2/34/2 = 0.385 ...(A10)
with
= daf | in | 32 = kalkY™. ...(A.10a)

The roots of (A.5a) are Kurosch?®

Ar = 2 Vky[3 cos i m.(A1])
“where
e = (9 + 27 k)/3,9 = arc cos (x 3 v 3/2). ...(A.11a)
Now from (A.8a), (A.9), (A.11), (A.10a) and (A.4), (A.4a) it follows that
Zr = E[3 4+ ¢ A + wr A, ..(A.12)

where

sin (p — %) sin X,
- — e =0k ...(Al2a
v/ 3k, sin ¢ g ksin ¢ - ( )

4. In order to get an explicit expansion of analytical function of matrix in powers
of its “‘small” invariants let’s take the trace of Taylor series of F(a) =F (I,/3E + A):

J = SpF(a) = Sp F (LJ3E + A)=z —Fjl);('l’—ﬁl Sp A®

Ne=0

(m+n— D! k7 Kk

—_ (2m<+3n)
=3F (L3 + E Cm ¥ I =Dl L (B[3).
2m+4-3n>0

We used here a well known in the theory of symmetric polynomials expression

for Zk A: (Waring’s formula) which is in our notation :

3
! AR O A+ -1 2
Tz: & = 2 ALl ky ks
k=] 2A+3pw=n
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Iff(x) = F (x)
f(@) =0dJ@aT = (8JBL)YE + (8J/0 k) A + (26 k3) A,. ...(A.12b)

Therefore from (A.12), (A.6a), (A.13) we have

R + 'f(zm+3”+1) 11/3 m n
/z Wl (@) =270k = z (m(2mn?+— 3n+1)'£n'n) ky s

n*m=0

...(A.13a)

e ! f@m 3a+2) (T 3 m "
z o fa) = 0J[oks = Z ’(’?2,—,*,__7_)3,{+ M m|(,;|l ) ky k.
P

nma=9g
...(A.13b)

As for £ f(ax) = Spf(a) = 2 J|2 I, it may be received from (A.13) w1th F
substituted by f.



